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Abstract 

In this paper we analyze supergeometric locally covariant quantum field theories. We 
develop suitable categories SLoc of super-Cartan supermanifolds, which generalize Lorentz 
manifolds in ordinary quantum field theory, and show that, starting from a few represen¬ 
tation theoretic and geometric data, one can construct a functor 21 : SLoc —»• S*Alg to the 
category of super-*-algebras which can be interpreted as a non-interacting super-quantum 
field theory. This construction turns out to disregard supersymmetry transformations as 
the morphism sets in the above categories are too small. We then solve this problem by 
using techniques from enriched category theory, which allows us to replace the morphism 
sets by suitable morphism supersets that contain supersymmetry transformations as their 
higher superpoints. We construct super-quantum field theories in terms of enriched func¬ 
tors c2l : eSLoc eS*Alg between the enriched categories and show that supersymmetry 
transformations are appropriately described within the enriched framework. As examples 
we analyze the superparticle in 111-dimensions and the free Wess-Zumino model in 312- 
dimensions. 
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1 Introduction and summary 

Over the past decades, supersymmetry and supergravity have been strongly vital research 
areas in theoretical and mathematical physics. On the one hand, supersymmetric extensions 
of the standard model provide interesting perspectives on particle physics and, on the other 
hand, supergravity arises as a low-energy limit of string theory and it might have potential 
applications to e.g. early universe cosmology. Regarded from the perspective of a quantum 
field theorist, interest in supersymmetry arises because of the well-known fact that certain 
supersymmetric quantum field theories enjoy unexpected renormalization properties, which 
collectively go under the name ‘non-renormalization theorems’, see e.g. [GSR791 ISei93j . 

In contrast to the immense progress which theoretical physics has made during the past 
decades, mathematically rigorous developments of supersymmetric quantum field theories are 
quite rare. There are however some notable exceptions: In fBG06j . Buchholz and Grundling 
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address the nontrivial problems of implementing supersymmetry transformations into the C*- 
algebraic framework of algebraic quantum field theory and constructing super-KMS states. The 
study of superconformal nets in two spacetime dimensions has been initiated by Capri, Kawahi- 
gashi and Longo in [CKLOBj . Since then superconformal nets have been intensively developed, 
also with a focus on extended supersymmetry C11KI.X 12 . Perturbative superconformal quan¬ 
tum field theories on a special class of (curved) spacetimes have been discussed quite recently by 
de Medeiros and Hollands [dMH13| , where also a perturbative non-renormalization theorem is 
rigorously proven. A formulation of (Euclidean) supersymmetric quantum field theories within 
the Atiyah-Segal approach and their connection to elliptic cohomology has been investigated 
by Stolz and Teichner, see e.g. the survey article 1ST' 1 1 . 

In our work we shall study supersymmetric quantum field theories from the perspective 
of locally covariant quantum field theory [BFV03] . which is a relatively modern extension of 
algebraic quantum field theory to curved spacetimes. In locally covariant quantum field theory, 
the focus is on the construction and analysis of functors from a category of spacetimes to a 
category of algebras, which are supposed to describe the assignment of observable algebras to 
spacetimes. Besides establishing a mathematical foundation for quantum held theory on curved 
spacetimes, locally covariant quantum held theory is essential for constructing perturbatively 
interacting models [HWOll 1HW021 IBDFfl9| . Our aim is to extend carefully the formalism of 
locally covariant quantum held theory to the realm of supergeometry, focusing in the present 
work only on the case of non-interacting models. On the one hand, a solid understanding 
of non-interacting super-quantum held theories (super-QFTs) is a necessary prerequisite for 
constructing perturbative models and analyzing their renormalization behavior, especially con¬ 
cerning potential non-renormalization theorems. On the other hand, already simple examples 
of non-interacting super-QFTs indicate that the basic framework of locally covariant quantum 
held theory has to be generalized in order to be able to cope with the concept of supersymmetry 
transformations. In more detail, as we will show in this work, the framework of ordinary cate¬ 
gory theory, on which locally covariant quantum held theory is based, is insufficient to capture 
supersymmetry transformations on the level of the super-QFT functor. In particular, we ob¬ 
serve that both the fermionic and the bosonic component helds are locally covariant quantum 
helds in the sense of BFV()3 : (i.e. natural transformations to the super-QFT functor), which 
indicates that supersymmetry transformations are not appropriately described in this frame¬ 
work. Using techniques from enriched category theory , we shall propose a generalization of 
the framework in fBFV03j which is general enough to capture supersymmetry transformations. 
Loosely speaking, we shall develop suitable categories of superspacetimes eSLoc and superalge¬ 
bras eS*Alg that are enriched over the monoidal category of supersets and consider super-QFTs 
as enriched functors e2l : eSLoc —> eS*Alg between these enriched categories. Supersymmetry 
transformations are captured in terms of the higher superpoints of the morphism supersets in 
eSLoc and their action on the superalgebras of observables is dictated by the enriched func¬ 
tor e2l : eSLoc —>• eS*Alg. Our results will therefore clarify the structure of supersymmetry 
transformations in locally covariant quantum field theory, which will be essential for analyzing 
perturbative super-QFTs and their renormalization behavior in future works. 

Let us outline the content of this paper: In Section [2] we shall give a self-contained and 
rather detailed introduction to those techniques of super-linear algebra and supergeometry that 
will be used in our work. This should allow readers who do not have a solid background in 
those fields to follow our constructions in the main part of this paper. In Section [3] we introduce 
super-Cartan structures on supermanifolds and study their properties. These structures have 
their origin in the superspace formulation of supergravity |WZ77j and they are used in our 
work in order to describe ‘superspacetimes’, which generalize Lorentz manifolds in ordinary 
quantum field theory. The dimension and the ‘amount of supersymmetry’ of a super-Cartan 
supermanifold is captured in its local model space, which we describe by using representation 
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theoretic data corresponding to some spin group. We define a suitable category of super-Cartan 
super manifolds and show that to any super-Cartan supermanifold there is a functorially as¬ 
sociated oriented and time-oriented ordinary Lorentz manifold. This allows us to introduce 
a natural notion of the chronological and causal future/past in a super-Cartan supermanifold 
and therewith the concept of globally hyperbolic super-Cartan supermanifolds. In Section d] we 
formulate a set of axioms to describe non-interacting super-field theories in an abstract way. 
According to our Definition 14.21 a super-field theory is specified by the following data: 1.) A 
choice of representation theoretic data that fixes the local model space of the super-Cartan su¬ 
permanifolds. 2.) A full subcategory SLoc of the category of globally hyperbolic super-Cartan 
super manifolds, which allows us later to implement constraints on the super-Cartan structures, 
e.g. the supergravity supertorsion constraints [WZ77j . 3.) A suitable natural super-differential 
operator which encodes the dynamics of the super-field theory. We show in Section [5] that given 
any super-field theory as described above, one can construct a functor 21 : SLoc —> S*Alg to 
the category of super-*-algebras which satisfies the axioms of locally covariant quantum field 
theory II3FV03I adapted to our supergeometric setting, cf. Theorem 15.Ill In other words, any 
super-field theory gives rise to a super-QFT. As in the case of ordinary quantum held theory, 
we first construct a functor £ : SLoc —> X to the category of super-symplectic spaces or the cat¬ 
egory of super-inner product spaces (depending on the representation theoretic data), which 
is then quantized by a quantization functor £3 : X —>• S*Alg that constructs super-canonical 
(anti)commutation relation algebras. We analyze the functor 21 : SLoc —> S*Alg and show 
that, in addition to the locally covariant quantum held which describes the linear superheld 
operators, the bosonic and fermionic component helds are also natural transformations in this 
framework. This is an undesirable feature which indicates that the framework developed in 
the Sections [4] and [5] does not capture supersymmetry transformations as those would mix the 
bosonic and fermionic components. We then solve this problem by making use of techniques 
from enriched category theory. In Section [6] we provide a stronger axiomatic framework for 
super-held theories by generalizing the category SLoc to a suitable category eSLoc which is 
enriched over the monoidal category of supersets SSet. The category SSet is defined as the 
functor category Fun(SPt op , Set), where SPt is the category of superpoints and op denotes the 
opposite category. Hence, a superset is a functor SPt op —> Set, which means that, in addition 
to its ordinary points, a superset has further content that is captured by its ‘higher super¬ 
points’. Loosely speaking, enriching the morphism sets in SLoc to the morphism supersets 
in eSLoc we obtain in addition to ordinary supermanifold morphisms M —>• M' also super¬ 
manifold morphisms between the ‘fattened’ supermanifolds pt n x M —> pt n x M' , where pt n 
is any superpoint, that are able to capture supersymmetry transformations; indeed, the odd 
parameters which are used in the physics literature in order to parametrize supersymmetry 
transformations are elements in the structure sheaf A n = f\* M n (the Grassmann algebra) of 
pt n . It is important to notice that in this functorial approach we do not have to fix a su¬ 
perpoint (or equivalently a Grassmann algebra) from the outside, as it is typically done in 
the physics literature, but we are working functorially over the category of all superpoints. 
Similar techniques have been used before in order to describe super-mapping spaces between 
super manifolds, see e.g. [Sac09l 1SW11, Hanl4j . In the enriched setting, the super-differential 
operators which govern the dynamics of the super-field theory should form an enriched natural 
transformation. We explicitly characterize these enriched natural transformations and show 
that they are in bijective correspondence to ordinary natural transformations (as used in Sec¬ 
tion 0J) satisfying further conditions, which one may interpret as covariance conditions under 
supersymmetry transformations. This allows us to give a simple axiomatic characterization 
of enriched super-field theories in Definition 16.151 In Section [7] we show that any enriched 
super-field theory gives rise to an enriched super-QFT that we describe by an enriched functor 
c2l : eSLoc —> eS*Alg to a suitable enriched category of super-*-algebras. We show that this 
enriched functor satisfies a generalization of the axioms of locally covariant quantum field the- 
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ory, cf. Theorem 17.111 We further show that the enriched super-QFT has an enriched locally 
covariant quantum field (given by an enriched natural transformation) which describes the 
linear superfield operators. In contrast to the non-enriched theory studied in Section [SJ our 
enriched natural transformation does not decompose into the bosonic and fermionic compo¬ 
nent fields, which indicates that supersymmetry transformations are appropriately described 
within our enriched categorical framework. This is confirmed and illustrated in Section [ 8 ] by 
constructing and analyzing explicit examples of 111 and 312-dimensional enriched super-QFTs, 
together with the structure of supersymmetry transformations. Our 111-dinrensional example 
is the usual superparticle and our 312-dimensional example is the free Wess-Zumino model on 
a class of curved super-Cartan supermanifolds. In Appendix [3 we collect some elementary 
definitions from enriched category theory which are needed in our work. 

2 Preliminaries on supergeometry 

We give a self-contained review of those aspects of super-linear algebra and supergeometry 
which we shall need for our work. For more details see e.g. |CCFllj and [DM99] . In the 
following the ground field IK will be either M or C and we set Z 2 := {0,1}. Whenever there is 
no need to distinguish between the real and complex case, we shall drop the held IK from our 
notations. 

Super-vector spaces: A super-vector space is a ^-graded vector space V = Vq®V\. We 
assign to the non-zero homogeneous elements 0 7 ^ v € V) the Z 2 -parity |u| := i € Z 2 , for 
i = 0,1, and call elements in Vo even and elements in Vj odd. The superdimension (or simply 
dimension) of a super-vector space V is denoted by dim(V r ) := dim(Vo)|dim(Vi). An example 
of an n|m-dimensional super-vector space is JK n l m := IK n ® IK m , with n, m £ N°. For simplicity, 
we shall denote IK 1 ! 0 simply by IK. A super-vector space morphism L : V —» V' is a linear map 
which preserves the Z 2 -parity, i.e. L(V)) C V- for z = 0,1. 

The category SVec of super-vector spaces has as objects all super-vector spaces and as 
morphisms all super-vector space morphisms. Recall that SVec is a monoidal category with 
tensor product functor ® : SVec x SVec —>• SVec and unit object IK = IK 1 ! 0 . Explicitly, the 
tensor product V < 8 > W of two super-vector spaces V and W is the ordinary tensor product 
V < 8 > W of vector spaces equipped with the Z 2 -grading 

(V®W) 0 := (Vb 0 Wo) ® (Vi ® Wi) , (2.1a) 

(R<g>W)i := (V& ® Wi) ffi (Vi ® W 0 ) • ( 2 . 1 b) 

The tensor product of two SVec-morphisms is simply given by the tensor product of linear maps. 
The monoidal category SVec is symmetric with respect to the commutativity constraints 

a v ,w ■ V® w —>• IF® V , v®w I—> (—1)HH W®v . (2.2) 

Moreover, it is closed with internal hom-objects given by the vector space Hom (V, W) of all 
linear maps L : V —> W equipped with the obvious Z 2 -grading; L € Horn (IK W) is even/odd if 
it preserves/reverses the Z 2 -parity. 

Given an object V = Vo ® I j in SVec, a super-vector subspace is a vector subspace W C V 
together with a Z 2 -grading W = Wq ffi W\ such that Wi is a vector subspace of IK, for i = 0,1. 
We then may form the quotient super-vector space V/W := Vq/Wq ® Vi/W\, which comes 
together with a canonical SVec-morphism V —> V/W assigning equivalence classes. 
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Superalgebras: A (unital and associative) superalgebra is an algebra object in SVec. Explic¬ 
itly, this means that a superalgebra is an object A in SVec together with two SVec-morphisms 
PA A® A —y A (called product) and tja : IK -A A (called unit), such that the diagrams 


A® A® A —— ——> A ® A 


id a®UA 

A® A- 


UA 


UA 


-a A 


K® A ■ 


T)A® idA 


4- A ® A <- 


id A ®riA 


■ A i 



(2.3) 


in SVec commute. We shall often denote the products by juxtaposition, i.e. pA(a\®a 2 ) = <21 a 2 , 
and the unit element by 77 , 4 ( 1 ) = 1- An example of a (real) super algebra is the Grassmann 
algebra A n := /\* M n , for n S N°, with product given by the wedge product and unit element 
by 1 = 1 £ R = /\°K" C A superalgebra morphism n : A —y A' is a SVec-morphism 

which preserves products and units, i.e. pi A' o (k® k) = no pa and rjA' = k o tja- 

We denote the category of superalgebras by SAIg and notice that it is a monoidal category: 
The tensor product A® B of two superalgebras is the super-vector space A® B equipped with 
the following product and unit 


PA®B ■= (ha ® Hb) 0 (idA ® &B,A ® ids) : A® B ® A® B —s- A® B , (2.4a) 

VA&B '■= VA®'nB : IK ® K ~ K —> A® B . (2.4b) 

Explicitly, we have for the product (ai ® 61 ) (<22 ® b 2 ) = (—l)l a 2 M fel l ( 0102 ) ® (bi 62 ), for all 

homogeneous aq, 02 € A and 61,62 £ B, and for the unit 1 a®s = 1a ® Is- The tensor product 

of two SAIg-morphisms is simply given by the tensor product of linear maps. 

We shall require some special classes of superalgebras. A superalgebra A is called supercom- 
mutative if the product is compatible with the commutativity constraint, i.e. ha 0 &A,A = HA- 
Notice that supercommutative superalgebras form a monoidal subcategory of SAIg, which is 
symmetric with respect to the commutativity constraints induced by SVec. Moreover, for a su¬ 
percommutative superalgebra A the product pa : A® A -A A is a SAIg-morphism with respect 
to the tensor product superalgebra structure on A® A. 

Let us now consider superalgebras over C. A super-*-algebra is a superalgebra A over C 
together with an even C-antilinear map *,4 : A —> A (called superinvolution) which satisfies 
*A°VA = VA and *a°PA = PA°&a,a°(*a®c*a)- Explicitly, these conditions read as 1* = 1 and 
(ai a 2 )* = (-l) |ai1 |aa| a\ aj, for homogeneous elements ai,a 2 € A. A super-*-algebra morphism 
k : A -A A' is a SAIg-morphism satisfying so *a = *A’ 0 We denote the category of superb- 
algebras by S*Alg and notice that it is a monoidal category; the superinvolution on the tensor 
product A ®c B of two super-*-algebras is defined component-wise, i.e. (a ®c b)* := a* ®c b*. 


Super-Lie algebras: A super-Lie algebra is a Lie algebra object in SVec. Explicitly, a super- 
Lie algebra is an object g in SVec together with a SVec-morphism [ •, • ] 0 : g ® g —> g (called 
super-Lie bracket) which satisfies the super-skew symmetry condition 

[' ) ' Is 0 (idgigig + Cg.g) = 0 (2.5a) 

and the super-Jacobi identity 

[ ‘ ! [ ‘ ! ’ ]g]g ° (idg(g)g®g + + Cg^g g) = 0 . (2.5b) 


A super-Lie algebra morphism L : g —> g ; is a SVec-morphism which preserves the super-Lie 
brackets, i.e. [ ■, • ] g / o (L ® L) = L o [ ■, • ] g . 
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Supermodules and the Berezinian: Let A be a superalgebra. A left A-supermodule is a 
left module object in SVec. Explicitly, a left A-supermodule is an object V in SVec together 
with a SVec-morphism ly : A® V —> V (called left A-action), such that the diagrams 


A®A®V ■ 

A®V ■ 


idji&v 


W 


-*A®V 

W 

—> v 


K0E va " : '' ]Av > A8b (2.6) 



in SVec commute. A right A-supermodule is defined similarly and an A-bisupermodule is a left 
and right A-supermodule with commuting left and right A-actions. If A is a supercommutative 
superalgebra, then any left A-supermodule V is also a right A-supermodule with right A- 
action ry := ly o ayy ■ V ® A —>• V and, vice versa, any right A-supermodule is also a left 
A-supermodule with left A-action ly := ry o a Ay '■ A® V —» V. Notice that these left and 
right A-actions are compatible, hence V is an A-bisupermodule. We shall often denote the left 
and right A-actions simply by juxtaposition, i.e. ly(a ® v) = av and ry(y ® a) = v a. A left 
A-supermodule morphism L : V —>• V' is a SVec-morphism which preserves the left A-actions, 
i.e. ly o (id A ® L) = L o ly. We denote the category of left A-supermodules by A-SMod. In 
the case of A being supercommutative, A-SMod is a monoidal category with tensor product 
functor 0,4 : A-SMod x A-SMod —> A-SMod (taking tensor products over A) and unit object 
A (regarded as a left A-supermodule with left A-action given by the product // A ). Again for A 
being supercommutative, the monoidal category A-SMod is also symmetric with commutativity 
constraints induced by those in SVec and closed with internal hom-objects given by the left 
A-supermodules Horn 4 (V, W) of all right A-linear maps L : V —>• W equipped with the obvious 
^-grading; L £ Horn 4 (V, W) is even/odd if it preserves/reverses the Z^-parity. 

A free left A-supermodule of dimension n\m is a left A-supermodule V for which there exists 
a basis of n £ N° even elements {ei,..., e n } and m £ N° odd elements {ei,..., e m }, such that 


Vo = span^jei,... ,e n } © span Al {d,... ,e m } , (2.7a) 

V = span Al {ei,..., e n } 0 span Ao {ei j • • • i } • (2.7b) 

The collection {ei,..., e n+m } := {ei,..., e n , ei,..., e m } of elements in V is called an adapted 
basis for V. Notice that any free left A-supermodule of dimension n|m is isomorphic (in 

the category A-SMod) to the standard free left A-supermodule A n l m := A ® K. n l m with the 

obvious left A-action. The A-SMod-morphisms between two free left A-supermodules can be 
represented in terms of matrices with entries in A. Explicitly, let L : V —> V' be any A-SMod- 
morphism between an n|m-dimensional free left A-supermodule V and an n'lm'-dimensional 
free left A-supermodule V'. Making use of any adapted bases for V and V' we define the 
elements { L? £ A : i = 1,..., n + m , j = 1,... ,n' + m'} via L(ej) = L\ e'j, which can 

be arranged in an (n + m) x ( n' + m^-nratrix of the form 


L = 




( 2 . 8 ) 


where Li is an n x ^-matrix with entries in Aq, L 2 is an n x m'-matrix with entries in Ai, L 3 
is an m x n'-nratrix with entries in A\ and L 4 is an m x m !-matrix with entries in Aq. 

Let now A be a supercommutative superalgebra and V any free left A-supermodule. Denot¬ 
ing the group of A-SMod-automorphisms of V by GL(V), there exists a group homomorphism 
(called the Berezinian ) to the group of invertible elements in A 

Ber : GL(V) —> A* , L 1 —> Ber(L) = det(Li - L 2 Lf l L^) det(L 4 ) _1 , (2.9) 
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where we have made use of an arbitrary adapted basis for V (the Berezinian does not depend 
on the choice of adapted basis). One can easily check that the Berezinian is multiplicative, i.e. 
Ber (L' L) = Ber(L') Ber(L), for all L,L' G GL(V). Moreover, we may assign to any free left 
A-supermodule V of dimension n\m its Berezinian left A-supermodule Ber(V) that is defined as 
follows: Ber(V) is the free left A-supermodule that is generated by the elements [ei,..., e n+m ], 
for all adapted bases {ei,..., e n+m } for V, subject to the relations 

[Z/(ei),..., L(e n - |-m)] — Ber(L) [ei, • • ■, Cn+m] j (2.10) 

for all L G GL(E). We declare the elements [ei,..., e n+m ] to be even if m G 2N° or to 
be odd if m G 2N° + 1. Since any two adapted bases for V can be related by a GL(V)- 
transformation, it is clear that Ber(E) is a free left A-supermodule of dimension 1|0 if m G 2N° 
or dimension 0|1 if m G 2N° + 1. Notice that any choice of adapted basis {ei,... ,e n+m } for 
V defines an adapted basis [ei,... ,e n+m \ for Ber(E). The assignment of the Berezinian left 
A-supermodules is functorial: Given any A-SMod-isomorphism L : V — > V' between two free 
left A-supermodules V and V' we define an A-SMod-isomorphism Ber(L) : Ber(E) —> Ber(W) 
by setting for any adapted basis [ei,..., e n+m ] for Ber(V) 

Ber(L) ([ei, • • •, fin+m]) • — [T(ei),..., T(e n _|_ m )] , (2.11) 

and extending Ber(L) as an A-SMod-morphism. 


Supermanifolds: In the following let K = R. A superspace is a pair M := (M, Gm) consist¬ 
ing of a topological space M (which we always assume to be second-countable and Hausdorff) 
and a sheaf of supercommutative superalgebras Gm on M (called the structure sheaf). We 
denote the restriction SAIg-morphisms in the structure sheaf Gm by res u,v '■ Gm{U) Gm(V), 
for all open V C U C M, and the global sections of the structure sheaf simply by G(M) := 
Gm{M). A superspace morphism x ■ M —> M' is a pair x '■= (%, X*) consisting of a continuous 
map x : M —y M' and a morphism of sheaves of superalgebras x* '■ &M' ~t x*(Gm), where 
X*{Gm) denotes the direct image sheaf. Explicitly, x* '■ @M' x*{Gm) consists of assigning 
to any open U C M' a SAIg-morphism xjy : Gm'{U) —> ^’m(x _ 1 (^)), such that the diagram 


G M '(U) 


Xu 


->0Mix-\U)) 


resnv 


reS X —1 (f^)iX— 1 (V) 


Gm'{V) 


Xy 




( 2 . 12 ) 


in SAIg commutes, for all open V C U C M'. For notational simplicity we shall denote the 
SAIg-morphism of global sections by x* := X~, : G(M') —> G(M). An example of a superspace 

is R n l m := (R n , A* R m ), for n,m £ N°, which we denote with the usual abuse of notation 

by the same symbol as the standard super-vector space above. 

A supermanifold of dimension n\m is a superspace M = (M, Gm) that is locally isomorphic 
to M n l m , with n,m N° hxed. In more detail, given any p G M, there exists an open 
neighborhood V C M of p, such that V is homeomorphic to an open subset U C W 1 and 
such that the restricted sheaves of superalgebras Gm\v and (8> A*^ m are isomorphic. 

Taking the standard coordinates (x 1 ,... ,x n ) of M n and the standard coordinates (0 1 ,... ,0 m ) 
of R m , the sheaf isomorphism Gm\v — \u <S> A* induces local coordinate functions of M 
in V, which we denote by the same symbols (x 1 ,..., x n+m ) := (x 1 ,..., x n , 0 1 ,..., 0 m ), hence 
suppressing the isomorphism. Notice that the first n coordinate functions x* € Gm(V), for 
i = 1 ,..., n, are even and that the last m coordinate functions x n+l G Gm(V), for * = 1 ,..., m, 
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are odd. It is clear that the superspaces = (M n , Cj^t ® /\*M m ) are n|m-dimensional 

supermanifolds, for all n, m £ N°. Moreover, given any n|m-dimensional supermanifold M = 
(M, Gm) and any open U C M, then M\u := (U, Gm\u) is an n|m-dimensional supermanifold, 
which we call the open subsupermanifold determined by U. A supermanifold morphism is a 
superspace morphism between super manifolds. It is well known that supermanifold morphisms 
X ■ M —>• M' are already uniquely specified by their associated SAIg-morphisms x* '■ G(M') —>■ 
G(M) on global sections of the structure sheaf, see e.g. [CCFlll Proposition 4.6.1]. 

We denote the category of supermanifolds by SMan and notice that it is a monoidal category 
with monoidal bifunctor x : SMan x SMan —»• SMan and unit object pt := ({*},R). The 
monoidal bifunctor is defined as follows, cf. [CCFlll Chapter 4.5]: To any pair ( M,M ') of 
objects in SMan it assigns the supermanifold M x M' := (M x M'. GmxM'), where the sheaf 
of superalgebras GmxM' is defined on the rectangular open subsets U x V C M x M' by 
x V) := @m{U) < 8 > Gm' (V) and extended to all open subsets of M x M' by a standard 
construction. Here <S> denotes the completed tensor product in the projective tensor topology 
corresponding to the standard Frechet topologies on Gm{U) and Gm'(V). To any pair (y '■ Af —> 
N, x! '■ M' —» N') of SMan-morphisms it assigns the SMan-morphism y x y' : M x M' N xN' 
given by y x y' : M x M> -> N x N' and y* §y'* : G NxN , ->• (y x y ')*(G M xM>), which is 
uniquely determined by continuous extension of the usual tensor product morphism y* ( 8 ) y'*. 

Let us recall that any n|m-dimensional supermanifold M has an associated reduced n- 
dimensional ordinary manifold. Let us denote by Jm the super-ideal sheaf of nilpotents in 
Gmi he. Jm(U ) := {/ £ Gm{U ) : / is nilpotent} for all open U C M. The reduced manifold 
is defined to be the n\ O-dimensional supermanifold (M, Gm/Jm), which for notational conve¬ 
nience we shall simply denote by M. For any SMan-morphism y : M —> M' the underlying 
continuous map y : M —> M' is smooth with respect to the reduced manifold structures on M 
and M'. Hence, the assignment M M and (y : M —> M') i->- (y : M —> M ') is a functor 
from SMan to the category of manifolds. Finally, recall that for any supermanifold M there is 
a closed embedding : M —> M of the reduced manifold (regarded as an n\ O-dimensional 

supermanifold) into the supermanifold M. Explicitly, we have that I~ M = id^r is the identity 
map and that i*~ : Gm -> Gm/Jm is the projection taking equivalence classes. Given any 

SMan-morphism y : M —> M' the diagram 





(2.13) 


in SMan commutes. 

Superderivations and super-differential operators: Let M = (M, Gm) be any object in 
SMan. For any open U C M, a homogeneous superderivation (or super-vector field) on Gm{U) 
is a homogeneous X £ Hom f^WfLTh Gm(U)), such that 

X(f g) = X(f) g + (-l)l x l 1^1 / X{g) , (2.14) 

for all homogeneous f,g £ Gm{U). The collection of all superderivations on Gm(U) forms 
a super-vector subspace Der m{U) of Hom f^WLO' GaaIU)), which is further a left Gm(U)~ 
supermodule via (f X)(g) := f X(g), for all f,g £ Gm{U) and X £ Der m{U). As in the 
case of ordinary manifolds, the superderivations Der^(D) also form a super-Lie algebra with 
super-Lie bracket given by the supercommutator [X, Y] := X o Y — (—1)1^1 5 W o X, for all 
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homogeneous X, Y £ Der m{U). The assignment U i->- Der m(U) (together with suitable restric¬ 
tion morphisms) is a sheaf of left ^jvf-supermodules on M. which is called the superderivation 
sheaf Der m- 

Note that superderivations are local in the following sense: Let l/CMbe any open subset. 
The support of f £ Gm(U) is the closed subset of M that is defined by 

S n w (f):=U\\J{V:VCU is open and resuy(f) = 0} . (2-15) 

It then holds true that supp (X(f)) C supp(/), for all X £ Der m(U) and / £ Gm(U). 

The superderivation sheaf Der^ of any object M in SMan is a sheaf of locally free left 
i^M-supermodules of the same dimension n|m as the supermanifold M. In local coordinates 
(x 1 ,..., x n+m ) of M in V an adapted basis for Der m(V) is given by the partial derivatives 
{d \,..., d n+m }, which are defined by d{X 3 = Sj, for alii, j = 1,..., n + m. Notice that the first 
n partial derivatives are even and the last m partial derivatives are odd. 

Wejntroduce super-differential operators via the usual recursive procedure: For any open 
U C M, we have a SVec-morphism Gm(U ) Horn (Gm(U), Gm(U)) by assigning to any 

g £ Gm(U) the linear map (denoted by the same symbol) g : Gm{U) —> Gm(U) , f e->- g f . The 
image of this SVec-morphism is denoted by DiffOp A /(17) and it is called the super-differential 
operators of order zero. The super-differential operators of order k > 1 are then defined 
recursively via 

DiffOp k M {U) := {L £ Hom(^ M (D), G M (U)) : [ L,g} £ DiffOp*^ 1 (D) , Vg £ G M (U)} , (2.16) 

where the bracket denotes the supercommutator. The super-vector space of super-differential 
operators on Gm{U) is defined by DiffOp M ([/) := (J fc>0 DiffOp^ (U). Notice that DiffOp M (C/) 
carries the structure of a (not necessarily supercommutative) superalgebra with product given 
by the composition o of linear maps Horn (Gm(U), Gm(U )). The assignment U i—>■ DiffOp A/ (U) 
(together with suitable restriction morphisms) is a sheaf of superalgebras on M, which is called 
the sheaf of super-differential operators DiffOp^. Super-differential operators are local, i.e. 
given any open U C M we have that supp(D(/)) C supp(/), for any D £ DiffOp M (t/) and 
/ £ Gm{U). Any superderivation is a super-differential operator of order 1. 

Super-differential forms: Let M = (M, @m) be any object in SMan. For any open U C M 
we define the left £?)vf(f7)-supermodule of super-one-forms on Gm{U) as the dual of the left 
^Af (D)-supermodule Der m(U), i.e. Q\j(U) := Hom ^ Aj (jr r )(Derju(hO, Gm(U))- The assignment 
U H > (together with suitable restriction morphisms) is a sheaf of left ^M-supermodules 

on M that we shall denote by = Hom^ (Der m, &m)- For simplifying the notation we de¬ 
note the left ^(M)-supermodule of global sections of by D 1 (M). The canonical evaluation 
of elements in Horn/? /m (Der Gm(U)) on superderivations DerM(D) defines a sheaf mor¬ 
phism ev : Der m —> @m, which due to the commutativity constraint er in Gm ~SMod 

can also be understood as a pairing 

(•>'):= ev o : Der M —> G M , (2.17) 

where the superderivations are on the left. (Moving Der^ to the left will lead to more 
convenient sign conventions for the differential below.) Explicitly, given any homogeneous 
u £ Qf M (U) and X £ Der m(U), the pairing reads as (X,ui) = (—1)M l x l uj(X). The differen¬ 
tial d : Gm —t Dis the sheaf morphism defined by the condition (X, df) := X(f), for all 
X £ Der m(U) and / £ Gm{U), where U C M is any open subset. We notice that is a 
sheaf of locally free left Gm -supermodules of the same dimension n|m as the supermanifold M. 
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Explicitly, in local coordinates (x 1 ,... ,x n+m ) of M in V an adapted basis for is given 

by the differentials {dx 1 ,..., dx n+m }, which can also be characterized by the duality relations 
(pi, dxp = 5\, for al \i,j = 1,..., n + m. Notice that the first n differentials are even and that 
the last m differentials are odd. 

Super-one-forms can be pulled back along SMan-morphisms y : M —>■ M'. In our work we 

shall only need the pull-back for the special case where x(M) C M' is open and x '■ M —>• 

M 1 1x( m) a SMan-isomorphism. Let us first assume that x '■ M —>• M' is a SMan-isomorphism. 
Then xb • &M'(U) —> ^m(x _ 1 (^)) is a SAIg-isomorphism and we can define a push-forward 
of super derivations by 

X*u : Der M (x~\U)) —► Ber M ,(U) , X —► (xb)” 1 0 X 0 X * v , (2-18) 

for all open U C M'. The pull-back of super-one-forms (denoted with a slight abuse of notation 
also by x$j) Xu ■ ~^ ^m(x _1 (^0) i s then defined by the duality relations 

(X.XtrM) :=xEr«X.cr(*W) , (2.19) 

for all u G and X G Der m(x _1 (^))- I 11 the case where we only have that x '■ M —>• 

is a SMan-isomorphism we define the pull-back of super-one-forms by 

X *uH ■= X* un ~ m ( res u,urix(M) M) > ( 2 - 2 °) 

for all u G and all open U C M'. The following properties are immediate from this 

definition 


xb(f UJ )=xb(f)xb( UJ ) » XuiAf) = d Xu(f) > ( 2 - 21 ) 

for all / G &m'(U) and uj G £2^,(1/). We shall denote the pull-back of global sections of Xl l M , 
simply by x* := X~ = &{M') -G D 1 (M). 

In complete analogy to the case of ordinary manifolds, one can define a sheaf of differential 
graded superalgebras := /\* for which we shall use the same sign conventions as in 
[DM991 §3.3]. Sections of this sheaf are called super-differential forms and we recall that for 
super manifolds M of dimension n\m with m/0 there are no top-degree forms. 


Berezin integration: Given any object M = (M, &m) in SMan, one can construct the 
Berezinian sheaf Ber(D^) of the super-one-form sheaf Notice that Ber(Q ^) is a sheaf of lo¬ 

cally free left ^M-supermodules: In local coordinates (x 1 ,..., x n+m ) = (x 1 ,..., x n , 0 1 ,..., 9 m ) 
of M in V an adapted basis for Ber(f2^)(V) is given by [dx 1 ,..., dx n , d6 l ,..., d 9 m ]. Given 
now any / G &m{Y) with compact support in V C M, we define the local Berezin integral over 
the open subsupermanifold M\y by 



[dx 1 ,..., dx n , d# 1 , 


,d 9 m )f 


tv 


dx 1 • • -dx n 


( 2 . 22 ) 


where we have used the expansion / = J2\i\ <m 9 1 fi + 9 m • • • 0 1 /(i i i) in terms of the odd co¬ 
ordinate functions. Here / = (i\,... ,i m ) G {0, l} m is a multiindex and 9 1 := ( 9 m ) 11 ■ ■ ■ (9 1 ) lrn . 
Due to the change of variables formula, the local Berezin integral can be globalized, see e.g. 
[DM991 §3.10]. In the case of M being oriented this yields a linear functional 



Ber (nhUM) 



(2.23) 
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on the compactly supported sections of Ber(fl^), which for sections v with support in V is 
given by ( 12 . 221 ) . 

Given any SMan-isomorphism y : M —>• M', there exists a pull-back x* '■ Ber(Hj^,) —>• 
Ber(17] w -). In local coordinates (x ' 1 ,... ,x' n+m ) of M' in V' and (x 1 ,... ,x n+m ) of M in V = 
X _ 1 (P'), the pull-back is given by 

X * v ,{[dx'\...,dx' n + m }) = [dxv'(x' 1 ),...,dxv / {x' n+m )] 

= Ber( J(x)) [dx 1 ,..., dx n+m ] , (2.24) 

where J(x) is the super-Jacobi matrix with entries defined by dxy,(x /l ) = ,/(y)® dxb 

Notice thejproperty x*u( v f) = Xu( v )Xu(f)i for a11 v G Ber f e @M’{U) and all 

open U C M'. Given now two oriented super manifolds M and M' together with an orientation 
preserving SMan-isomorphism x '■ M —> M'. the global Berezin integral transforms as 

/ X» = [ v , (2.25) 

Jm jm> 

for all v £ Ber^^^M'). This follows in the usual way from the aforementioned local change 
of variables formula. 

3 Super-Cartan supermanifolds 

We introduce the concept of super-Cartan structures on super manifolds. These structures have 
their origin in the superspace formulation of supergravity, see e.g. [ WZ77j . In our work they 
are required for constructing natural super-differential operators which govern the dynamics 
of super-field theories at the classical and quantum level. In this paper we shall only focus 
on the case where the super-principal bundle underlying the super-Cartan structure is globally 
trivial (and trivialized), which considerably simplifies our discussion as we do not have to deal 
with super-principal bundles and their associated super-vector bundles. Notice that the latter 
concepts are essentially well understood, see e.g. [ BBHR91 1. but they are cumbersome to work 
with. To the best of our knowledge there is not yet a fully developed theory of (global) super- 
Cartan supermanifolds along the lines of standard treatments in ordinary differential geometry 
|Sha971 Chapter 5]. In particular, we are not aware of conditions (on the basis supermanifold) 
which ensure the existence of super-Cartan structures or conditions which ensure that the 
underlying super-principal bundle is generically trivial. We hope to come back to this problem 
in a future work, which then would allow us to study super-held theories on globally non-trivial 
super-Cartan supermanifolds. 

3.1 Representation theoretic data and super-Poincare super-Lie algebras 

We shall briefly review super-Poincare super-Lie algebras in various dimensions. See e.g. [Del 99] 
and [Fre991 Lecture 3] for details. 

Let IP be a finite-dimensional real vector space and g : W (g) W —> M a Lorentz metric 
of signature (+, —, • • • , —). Let further S' be a real spin representation of the associated spin 
group Spin(kT, g) and 


T : S' (g> S' —> W (3.1) 

a symmetric and Spin (IP, g)-equivariant pairing. We denote the spin group actions on IP and 
S by, respectively, p ]l : Spin(tF, g) x IP —y IP and p s : Spin(IP, g) x S —> S. Moreover, we 
simply write spin for the Lie algebra of Spin(IP, g) and recall that the spin group actions above 
induce Lie algebra actions, which we denote by p^ : spin <8> IP —> W and pf : spin (g> S —> S. 
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Definition 3.1. Let us fix any choice of the data (IT, g, S,T). 

(i) The super-Poincare super-Lie algebra sp (corresponding to this data) is given by the 
super-vector space 

sp := (spin © IT) © S (3.2a) 

(with (spin ffi W) even and S odd), together with the super-Lie bracket defined by 

[la ffi wi ffi si, L 2 ffi w 2 ffi s 2 ] = 

[Li,L 2 ] ffi (Li ffi w 2 - L 2 ®w i) - 2r(si,s 2 )) ffi pf (la ffi s 2 - L 2 ffi sfi) , (3.2b) 
for all Li ffi w\ ffi si, L 2 ffi u> 2 ffi s 2 G sp. 

(ii) The supertranslation super-Lie algebra t (corresponding to this data) is given by the 
super-vector space 

t -=W®S (3.3a) 

(with W even and S odd), together with the super-Lie bracket defined by 

[wi ffi Si,u >2 ffi s 2 ] = -2 T(si, s 2 ) ffi 0 , (3.3b) 

for all w\ ffi si, W 2 ffi s 2 G t. 

Remark 3.2. Notice that the bracket defined in (13.2bl) is indeed a super-Lie bracket. The 
super-skew symmetry is evident from its definition and the super-Jacobi identity is a straight¬ 
forward check using the Spin(IT, g)-equivariance of T, which implies that 

pf (L ffi T(ai, s 2 )) = r(pf (L ffi ai), s 2 ) + r(si, pf (L ffi a 2 )) , (3.4) 

for all L G spin and si, s 2 € S. 

The following statement is easily shown. We therefore can omit the proof. 

Proposition 3.3. For any choice of the data (W, g, S, T), the super-Poincare super-Lie algebra 
sp is a super-Lie algebra extension of the Lie algebra spin (regarded as a super-Lie algebra) by 
the supertranslation super-Lie algebra t, i.e. 

0 —> t —» sp —* spin —» 0 , (3.5) 

with the obvious definition of the arrows, is a short exact sequence of super-Lie algebras. 

The data (W, g, S, T) we have introduced above is sufficient in order to construct the super- 
Poincare and supertranslation super-Lie algebras (corresponding to this choice of data). For our 
applications to super-Cartan super manifolds and super-field theories we require some additional 
data. First, let us fix a positive cone C C W of timelike vectors and assume that T : S<g>S —> W 
is positive in the sense that T(s, s) € C , for all s € S, with r(s, s) = 0 only for s = 0. Here C 
denotes the closure of the cone C C W. The existence of such T has been shown in |Del99| . 
The positive cone C C W will later play the role of a time-orientation. Next, we assume that 
we have given a Spin(W, g)-invariant linear map 

e : 5 ffi S' —* R , (3.6) 

which is either a metric (of positive signature) or a symplectic structure. Such linear maps 
exist if dim (IT) is not equal to 2 or 6 modulo 8, see [DF99| . Finally, we take as part of the data 
a choice of orientations ow of W and o$ of S. These orientations and also e will be used define 
a canonical Berezinian density on any super-Cartan supermanifold and therefore a notation of 
integration. In summary, we will always assume as a starting point for our constructions that 
the data (IT, g, S, T, C, e, ow , 05 ) are given. 
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3.2 Super-Cartan structures 

In order to simplify our studies on super-Cartan supermanifolds we shall restrict our attention 
to super-Cartan structures which are based on globally trivial (and also trivialized) super¬ 
principal Spin(W, g)-bundles. Let us fix any choice of the data (W, g, S, T, C , e, ow, og). 

Definition 3.4. Let M be a dirn(lL) |dim(,S')-dimensional supermanifold. A (globally triv¬ 
ial) super-Cartan structure on M is a pair (It, E) consisting of an even super-one-form II £ 
fi 1 (M, spin) (called the super-spin connection) and an even and non-degenerate super-one-form 
E £ fi 1 (M,t) (called the supervielbein). The triple M := (M,Q,E) is called a super-Cartan 
supermanifold. 

Remark 3.5. Notice that the requirement that E is non-degenerate fixes the dimension of M 
to be the dimension dim(fy)|dim(S') of the supertranslation super-Lie algebra t. 

To any super-Cartan supermanifold M = (M, 9, E) we can assign its supercurvature and 
supertorsion, which play an important role in supergravity. They are defined by 

Rm '■= d9 + [9,9] £ 9 2 (M,spin) , (3.7a) 

T m ■= d n E := dE + [9,£] £ 9 2 (M, t) , (3.7b) 

where the brackets are those induced by the super-Lie bracket in sp via 

[•,•]: n k (M,sp) ®n l (M,sp) —> n k+l (M, sp) , 

(wi®A'i)® ( 012 ( 81 X 2 ) ► (-l) |Xl||aJ2| wi Aw 2 < 8 >[Ad,X 2 ] . (3.8) 

We now shall study integration on super-Cartan super manifolds. Let us recall that the 
super-vector space i has an adapted basis {poi • • • jPdim(M)-i: Qii ■ ■ ■ j<7dim(S)}> he. Pa £ W and 
q a £ S, for all a = 0,..., dim(M) — 1 and a £ 1,..., dim(S'). Making use of the Lorentz 
metric g on W and the metric (or symplectic structure) e on S, we can demand that {p a } 
is an orthonormal basis for (W, g) and that {q a } is an orthonormal (or symplectic/Darboux) 
basis for (S,e). Making further use of the orientations ow of W and 05 of S we demand 
that these bases are oriented and finally by using the positive cone C C W we demand that 
the basis for W is time-oriented, i.e. the timelike basis vector po lies in C. We shall call any 
adapted basis for t which is of this kind an orthonormal (or orthosymplectic) time-oriented 
and oriented adapted basis for t. Notice that any two orthonormal (or orthosymplectic) time- 
oriented and oriented adapted bases for t are related by a SVec-automorphism L £ GL(t), 
whose block-matrix components (cf. (| 2 . 8 jl ) are L\ £ SOo(l, dim(W) — 1), L 2 = L 3 = 0 and 
L 4 £ SO(dim(5)) (or L 4 £ Sp(dim(£), M)). Because of det(Li) = det(L 4 ) = 1 we find that 
Ber(L) = 1, cf. (12.91) . We now may expand the supervielbein E £ 9 1 (M, t) in terms of any 
orthonormal (or orthosymplectic) time-oriented and oriented adapted basis for t, which yields 

dim(M)—1 dim(S) 

E= ^2 e a ®p a + Y2 , (3.9) 

Q—0 a= 1 

where all e" £ 9 1 (M) are even and all £ a £ 9 1 (M) are odd. Notice that the collection 
{e°,..., e dim (w r )- 1 ,^ 1 ) .... ^dim(.S') | j g an a 4 a pted basis for 9 X (M) since E was assumed to be 
non-degenerate. We hence can define an element of the Berezinian supermodule of 9 1 (M) by 

Ber(£) := [e 0 ,... eBei{n\M)) . (3.10) 

Recalling (12.101) . we find that this definition does not depend on the choice of the orthonormal 
(or orthosymplectic) time-oriented and oriented adapted basis for t, since, as we have explained 
above, any two such bases are related by an L £ GL(t) with Ber(L) = 1. 
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Using the Berezinian density (13.101) we can define a pairing on the compactly supported 
sections of the structure sheaf of M by 

<■, -) M ■ ^c(M) ® <? C (M) —, *i®F 2 i—► [ Ber (E)F l F 2 . (3.11) 

JM 

Notice that the Z 2 -parity of the linear map (•, ■) M is dim (S') mod 2 and that (•, ■) M can be 
extended to all F\,F 2 G &(M) with compactly overlapping support. Notice further that 

{F ll F 2 ) M = (-l)l F ill F2 l (F 2 ,Fi) m , (3.12) 

for all homogeneous Fi,F 2 G &(M) with compactly overlapping support. 

We finish this subsection by defining a suitable category of super-Cartan supermanifolds. 

Definition 3.6. The category SCart consists of the following objects and morphisms: 

• The objects are all super-Cartan supermanifolds M = (M,Q,E). 

• The morphisms x '■ FI —>• M' are all SMan-morphisms (denoted by the same symbol) 
X : M —> M', such that 

1. x : M —> M' is an open embedding, 

2 . x '■ FI —5 > is a SMan-isomorphism, 

3. the super-Cartan structures are preserved, i.e. y*(lT) = 11 and x*(F') = E. 

Remark 3.7. Since x*{E') = E it is clear that any S Cart-morphism x '■ FI —>• M' preserves 
the Berezinian densities (13.101) . i.e. 

4(M) ( reS M',x(M) ( Ber (^))) = Ber(F) . (3.13) 

3.3 Lorentz geometry on the reduced manifold 

Given any super-Cartan supermanifold M = (M, E) we can equip the reduced manifold 
M with a Lorentz metric, an orientation and a time-orientation. Explicitly, the pull-back of 
the supervielbein E G H 1 (M, t) along the embedding of the reduced manifold ^ M : M —> M 

provides us with a non-degenerate one-form on M with values in the even part W of t that we 
shall denote by E := i~ M {E) G fl 1 (M, W). We define a Lorentz metric 7)m on M by setting 

g M : T°°(TM) x T°°(TM) —»• C°°(M) , (X, Y) —> g((X,E), (Y,E )) , (3.14) 

where g : W ® W —> R is the Lorentz metric on W and (•, •) is the duality pairing between 
vector fields and one-forms on M. The orientation ow of W induces an orientation om of M, 
which we may represent by the volume form vol(F) := e° A • • • A where we have 

expanded E = ^ 1 e a ®p a in terms of any orthonormal time-oriented and oriented basis 

{p a } for W. The positive cone C C IT of timelike vectors in IT induces a time-orientation tM 
on the reduced oriented Lorentz manifold ( M,gM ), which we may represent by the vector 

field Xo on M that is defined via the duality relations (!«,?) = 5a- 

We shall now show that the assignment of the reduced oriented and time-oriented Lorentz 
manifolds M := (M,jmiOm4m) to super-Cartan supermanifolds M is functorial. We define 
the category of oriented and time-oriented Lorentz manifolds otLor as follows: The objects 
are all oriented and tinre-oriented Lorentz manifolds and the morphisms are all open isometric 
embeddings that preserve the orientations and time-orientations. 


15 






Proposition 3.8. The following assignment defines a functor ■ : SCart —>• otLor: To any object 
M in SCart we assign the oriented and time-oriented Lorentz manifold M := (M, gM, om^m) 
that has been constructed above. To any morphism x '■ AT —>■ M 1 in SCart we assign the otLor- 
morphism \ : AT —> M' that is defined by the reduced morphism x '■ M —> M'. 

Proof. We have to prove that the reduced morphism x '■ M —> M' is isometric and that it 
preserves the orientations and time-orientations. All these properties follow from the fact that 
X*{E') = E, which is shown by the calculation 

x'T) = x- ° £>, m ,(E') = ° x)-(E') = (x° „)*(£') 

= ‘-kM°x‘(E') = r StM {E) = E. (3.15) 

where in the third equality we have used the commutative diagram ([2.1311 . □ 

Due to this proposition we can define the chronological and causal future/past of a subset 
A C M in a super-Cartan supermanifold AT in terms of the corresponding reduced oriented 
and time-oriented Lorentz manifold AT. (See e.g. [BGP07] for a definition of the chronological 
and causal future/past of a subset of a time-oriented Lorentz manifold.) 

Definition 3.9. Let AT be a super-Cartan supermanifold and ACM a subset of its reduced 
manifold. The chronological future/past of A in AT is defined by 

4(i):=l|(d)CM (3.16a) 

and the causal future/past by 

J±(A) := J|(A) C M . (3.16b) 

We further define Im(A ) := I^(A) U Ifi /I {A) and Jm(A ) := J^(A) U Jj^(A). 

3.4 The category of globally hyperbolic super-Cartan supermanifolds 

For our studies on super-field theories the category of globally hyperbolic super-Cartan super¬ 
manifolds will play a major role. It can be defined as a certain subcategory of SCart. 

Definition 3.10. The category ghSCart consists of the following objects and morphisms: 

• The objects in ghSCart are all objects M in SCart such that the reduced oriented and 
time-oriented Lorentz manifold M is globally hyperbolic. 

• The morphisms x '■ AT — > M' between two objects M and M' in ghSCart are all SCart- 
morphisms such that the image of the reduced morphism x '■ AT —> M' is a causally 
compatible subset of iVT'Q 


4 Axiomatic definition of super-field theories 

Motivated by the examples we will discuss in Section [21 we shall give an axiomatic characteriza¬ 
tion of super-field theories by representation theoretic and geometric data. This is a reasonable 
and useful approach since all of our statements concerning the construction of super-QFTs in 
Section [5] can be made at this abstract level, so there is no need to focus on explicit models 
at this point. Moreover, the problem of constructing models of super-QFTs is thereby reduced 
to finding explicit realizations of the assumed representation theoretic and geometric data, ft 
will be instructive to first provide some motivations explaining our choice of data. 

1 Recall that a subset A C N of a time-oriented Lorentz manifold N is called causally compatible provided 
that Ja(x) = D A, for all x € A. 
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Representation theoretic data: Motivated by Section [31 our first choice of data is given by 
an eight-tuple (W, g, S, T, C , e, ow,os) consisting of a finite-dimensional real vector space W, a 
Lorentz metric g : W ( 8 > W —» R, a real spin representation S of Spin(W, < 7 ), a symmetric and 
Spin( W, g )-equivariant pairing T : S®S —> W which is positive with respect a choice of positive 
cone C C W of timelike vectors, a Spin(W, g)-invariant linear map e : S'( 8 > S —> R which is either 
a metric (of positive signature) or a symplectic structure, and orientations ow on W and 05 
on S. It becomes evident from Section [3] that this data is required, on the one hand, to specify 
a super-Poincare and supertranslation super-Lie algebra and, on the other hand, to describe 
super-Cartan structures on supermanifolds together with time-orientation and integration. In 
other words, the representation theoretic data fixes the local model space of the super-Cartan 
supermanifold and in particular its dimension to dim(I / P)|dim(5). Physically speaking, this 
means that the representation theoretic data fixes the dimension of the reduced spacetime and 
the amount of supersymmetry. 

Admissible super-Cartan supermanifolds: As we will show in Section [ 8 ] by studying 
explicit examples, one should not expect that the super-field theory will be defined on the 
whole category ghSCart of globally hyperbolic super-Cartan supermanifolds, see Definition 
13.101 A common feature in many super-field theories (especially in supergravity) is that one 
has to impose constraints on the superfields in order to arrive at a reasonable theory. Such 
constraints may in particular include the supergravity supertorsion constraints |WZ77| . which 
restrict the class of super-Cartan structures, i.e. the objects in ghSCart. As we would like to 
keep our axiomatic setting as flexible as possible, we shall at this point not specify the explicit 
form of these constraints but rather include a choice of full subcategory SLoc of ghSCart as 
a part of the data. Objects in SLoc will be called admissible super-Cartan super manifolds 
and, at least for the examples studied in Section [8l a reasonable choice of SLoc is given by the 
supergravity supertorsion constraints. 


Super-differential operators: We shall only consider super-field theories whose configu¬ 
rations on any object M = ( M,Ct,E ) in SLoc can be described in terms of the super-vector 
space G(M) := G(M) of global sections of the structure sheaf. Notice that G : SLoc op —> SVec 
is a functor, namely the global section functor. The dynamics of the super-field theory 
will be encoded in terms of super-differential operators Pm ■ G(M) —> G(M) of Z^-parity 
dim(S’) mod 2 , which are assumed to be natural in the sense that the diagram 


G(M') 

^(x op )=x* 

G(M) - 


P M’ 


Pm 


-4 G(M') 

^(x op )=x* 
-4 G(M) 


(4.1) 


of linear maps commutes, for all SLoc° p -morphisms x° p : A/ 7 — > M (i.e. all SLoc-morphisms 
X : M —>• M'). Pm can be regarded as the components of a natural transformation P : G => G, 
provided that we enlarge the morphism sets in SVec by parity reversing linear maps. More 
precisely, we shall replace the morphism sets Homsvec(^ V') in SVec by the sets underlying the 
internal hom-objects Hom(V, V'). The corresponding category is then denoted by SVec and we 
have an obvious functor SVec — » SVec . Hence, G : SLoc op —>• SVec defines a functor (denoted 
by the same symbol) G : SLoc op — > SVec PI We additionally demand that, for any object M 

2 Notice that enlarging the category SVec to SVec is required only if dimfS 1 ) is odd, which is a peculiarity of the 
superparticle discussed in Section [Sj In the more common situation where dim(5) is even, all our constructions 
can be done within the subcategory SVec of SVec . so there is no need to introduce the category SVec in this 
case. We however decided to work with SVec in order to develop a framework that is general enough to include 
the superparticle, which is a valuable example that can be analyzed in full detail, cf. Section [8] 
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in SLoc, the super-differential operator Pm is formally super-self adjoint with respect to the 
pairing (13.111) . i.e. 

(F 1 ,P M (F 2 )) M = (P M (F 1 ),F 2 ) M , (4.2) 

for all homogeneous F\. G with compactly overlapping support. For many of our 

constructions we also have to assign retarded/advanced super-Green’s operators to the super¬ 
differential operators Pmi for all objects M in SLoc. We therefore demand that, for any object 
M in SLoc, the super-differential operator Pm is super-Green’s hyperbolic in the following 
sense: 

Definition 4.1. Let M be any object in SLoc. A homogeneous super-differential operator 
Pm '■ &(M) —>• 0(M) is called super-Green’s hyperbolic if there exists a retarded and advanced 
super-Green’s operator, i.e. linear maps : 0 C (M) —$■ 0(M) of Z^-parity \G^ I \ = \Pm\ 
that satisfy 

(i) Pm ° &m = fo^c {M)i 

(ii) o P M \^ m) = id<? c (M), 

(hi) supp {Gm(F)) C J^(supp(F)), for all F G G c (M). 

Motivated by the discussion above, we can now define abstractly a notion of super-field 
theories. Our present axiomatic framework is supposed to cover all super-field theories which 
in the physics literature would be called ‘real superfields’. The typical examples in 111 and 
312-dimensions are discussed in Section [8l where it is shown that they comply with our axioms. 
In contrast, ‘super-gauge theories’ and ‘chiral superfields’ will require a more sophisticated set 
of axioms, which should include aspects of gauge invariance and the chirality constraints (see 
[HS13I for an axiomatic approach to ordinary gauge theories). We shall leave these problems 
for future work and consider in the present work the case of (real) super-field theories which 
we characterize by the following axioms: 

Definition 4.2. A super-field theory is specified by the following data: 

1 . A choice of the representation theoretic data (W, g, S , T, C, e, ow , 05 ). 

2. A full subcategory SLoc of ghSCart. 

3. A natural transformation P : G => G of functors from SLoc op to SVec, such that Pm is 
a formally super-self adjoint and super-Green’s hyperbolic super-differential operator of 
Z^-parity dim (A) mod 2, for any object M in SLoc. 


5 Construction of super-quantum field theories 

We show that given any super-field theory according to Definition 14.21 one can construct a 
functor 21 : SLoc —> S*Alg which satisfies a supergeometric modification of the axioms of locally 
covariant quantum field theory [BFV03] . In other words, any super-field theory gives rise 
to a super-QFT. We establish a connection between the super-field theory and its associated 
super-QFT by showing that the latter has a locally covariant quantum held which satisfies (in 
a weak sense) the equations of motion given by the super-differential operators P. As usual 
our construction will be done in two steps. First, we assign to a super-held theory a functor 
£ : SLoc — > X, where X is the category of super-symplectic spaces in the case of dim(5) even and 
the category of super-inner product spaces in the case of dim(S') odd. In the spirit of |BFV03| 
this functor should be interpreted as a locally covariant classical held theory. The locally 
covariant classical held theory is then quantized by a quantization functor 13 : X — > S*Alg, 
which implements super-canonical commutation relations (SCCR) in the case of dim(S') even 
and super-canonical anticommutation relations (SCAR) in the case of dim(S') odd. 
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5.1 The functor 0 C : SLoc —y SVec 


As a preparatory step, we shall show that assigning to objects M in SLoc the super-vector 
spaces 0 C (M) := ff c (M) of compactly supported global sections of the structure sheaf can 
be described by a functor ff c : SLoc —> SVec. Given any SLoc-morphism x '■ Af —>• M 7 , 
we can define a SVec-morphism x* '■= ^c(x) : ^c(Af) —> called the push-forward, of 

compactly supported sections, by the following construction: Recall that for any SLoc-morphism 
X ■ Af —> M' the corresponding SMan-morphism x '■ At —¥ M 7 |~^j^) is by assumption a SMan- 
isomorphism. In particular, we have a SVec-isomorphism 

4(M) : —► ^m(M) , (5.1) 

which induces a SVec-isomorphism on compactly supported sections 

(4(M } ) _1 : . (5.2) 

Making use of the sheaf properties of &m' j we can define a SVec-morphism 

ext x(M),M' : , (5.3) 

which extends compactly supported sections by zero. This SVec-morphism is a monomorphism 
since 


reS M',x(M) ° ext x(M),M> ld <? M /, c (x(M)) • ( 5 - 4 ) 

We define the push-forward of compactly supported sections by the composition 

^c(x) := X* := ext ° ^(M))” 1 : —>• ^c(Af') (5.5) 

and notice that it is a SVec-monomorphism. The following lemma collects important properties 
of the push-forward of compactly supported sections, which shall be frequently used in our work. 

Lemma 5.1. Let x '■ Af —> M' be any SLoc-morphism. Then the following properties hold 
true: 

(i) X* ° X* = id, & C (M) an d X* ° X*{F) = A, for all F £ such that supp(F) C x(M). 

(ii) (Fi,x*{F 2 )) m i = (x*(Fi),F 2 ) m , for all F\ € G[M') and F 2 £ where the pairing 

is defined in hS.ll\) . 

(Hi) id m* = an d ix' ° x)* = X* ° X*> f or a U SLo c-morphisms x' '■ Af 7 —> M". 

Proof. Item (i) is shown by two simple calculations. The first part follows from 

X* ° X* = X* m ° reS M',x(M) ° eXt x(M),M' ° (4(M)) _1 = iC W c(M ) > ( 5 - 6 ) 

where in the first equality we have used the diagram ( 12.1211 characterizing sheaf morphisms 
(applied to U = M' and V = x(M)) and in the second equality we have used (15.41) . To show 
the second part, notice that if F £ is such that supp(F) C x(M), then x*(A) £ 

so the composition x* ° X*(A) is well-defined. By using the same argument as above we find 
that 

X* o x*(F) = ext m ,M> ° (4(M ) )_1 ° X *x(M) ° res M',x(M)( i? ) 

= ext x(M),M' ° reS M',x(M)( F ) = F ’ ( 5 ' 7 ) 
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where the last equality holds true by direct inspection. 

Item (ii) holds true as a consequence of the transformation formula for the Berezin integral 
(12.2511 and the property (13.1311 ; explicitly, we have 

(Fi, X *(F 2 )) m/ = f Bei(E')F lX *(F 2 ) 

JM' 

= / reS M',x(M) ( Ber (£')) reS M^(M)( F l) VeS M',x(M)(X*( F 2)) 

I x(M) 

= J M Ber(E) X * m 

= [ Ber(E) X *(Pi) X *(x*(F 2 )) = ( X *(Fi),F 2 ) m , (5.8) 

JM 

for all T\ € 0(M') and F 2 € 0 C {AT). In the second equality we have used that the support of 
X*(F 2 ) is contained in X (M) and in the last equality item (i) of the present lemma. 

The first part of item (iii) follows immediately from the definition (15.511 and the second part 
from the following calculation 

(X ° X)* = ext x'(x(M)),M^ ° ((* ° x ^ ) x , (x(A?))' ) 

= eXt x'(x(A?)),M^ ° (■ X *x(M ) ° X x'(x(M))) 

= ext x'(x(M)),M^ ° ( X |'(x(M))) ° \{M )) 

= eXt x'(x(M)),M^ ° (^5 (x(M))) 1 ° reS M',x(M) ° eXt x(M),M' ° ( X J(M)) 

= ^x'fxfA?)),^ ° reS ?(M'),x'(x(M)) ° ( X 5(JV?)) 1 ° ext x(M),M' ° 

= ext x'(M'),M^ ° ( X x'(M'P 1 ° eXt x(M),M' ° ( X x(M)^ 

= X* ° X* , (5.9) 

where we have made frequent use of standard properties of sheaf morphisms. □ 

Corollary 5.2. The following assignment is a functor G c ; SLoc —> SVec: To any object 
AT in SLoc we assign the super-vector space 0 c {AT) := ff c (M) and to any SLoc-morphism 
X : AT —> AT' we assign the push-forward 0 c {x) '■= X* '■ ^c(AT) —»■ defined in 15.511 . 

Proof. This is a direct consequence of Lemma 15.II (iii). □ 

5.2 Properties of the super-Green’s operators 

Let us fix any super-field theory according to Definition 14.21 By assumption, there exists a 
retarded and advanced super-Green’s operator G ^ : iff c ( AT) —> ff(AT) for the super-differential 
operator Pm : ff(AT) — > ff(AT), for all objects AT in SLoc. We shall now derive important 
properties of the super-Green’s operators. 

Lemma 5.3. Let AT be any object in SLoc. Then 

(F U G^(F 2 )) M = (—i)(ID|+|Pa*|)|Pa,| (GI i (F 1 ),F 2 ) m , (5.10) 

for all homogeneous F \, F 2 G <ff c (AT). 
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Proof. The proof follows from a short calculation 

(F 1 ,G^(F 2 )) m = (P M o G*0Fi), G^(F 2 )) M 

= (-1) (|Fi|+|G ^')' PmI ( g m(Fi), Pm o G^(F 2 )) m 
= (-1)(' Fi ' +|Pm ')' Pm ' <GX f (F 1 ), J F 2 ) M . (5.11) 

The hrst equality holds because of property (i) of Definition 14.11 The integral on the right-hand 
side is well-defined because of property (iii) of the same Definition and the fact that the reduced 
Lorentz manifold M is by assumption globally hyperbolic. The second equality follows from 
formal super-self adjointness of Pm , cf. (14.211 . The last equality is a consequence of property 
(i) of Definition 14.11 and |G^-| = \Pm\- □ 

We define the retarded-minus-advanced super-Green’s operator 

Gm := G + m -G m : ff c (M) —► & SC (M) C 0(M) , (5.12) 

whose image lies in the super-vector space & SC (M) of spacelike compact sections (see |BGPD71 
Notation 3.4.5]) of the structure sheaf because of Definition 14.11 (iii). This operator has the 
following properties. 

Theorem 5.4. Let M be any object in SLoc. Then the sequence of linear maps 


0-> G C [M) -^4 0 C (M) -^4 ^ SC (M) —^4 & SC (M) (5.13) 


is a complex which is exact everywhere. 

Proof. The proof follows easily by adapting the steps in the proofs of [ BGlll Theorem 3.5] or 
[BGP07 , Theorem 3.4.7] to our supergeometric setting. We therefore can omit the details. □ 

Corollary 5.5. Let M be any object in SLoc. Then the retarded and advanced super-Green’s 
operators G^- for Pm are unique. 

Proof. Let us assume that there are two retarded/advanced super-Green’s operators G^- and 
G%[ for Pm- Then, for any F € 0 C {M), we have that <3? := G^(F) — G^(F) has supp(<L) C 
Jm(K), for some compact K C M, and satisfies Pm(&) = 0. We now show that 4> = 0 and 
hence that G^ = G^ as F e 0 C (M) was arbitrary. Indeed, we have that 


(F', 4>> m = (Pm o G^(4), 4>) m = (-1 )(I^I+I G ^D 1^1 (G^(F'), Pm{$>)) m = 0 , (5.14) 
for all F' € which implies that <L = 0. □ 

We shall now show that the retarded/advanced super-Green’s operators are natural in the 
following sense. 

Lemma 5.6. Let y ■ M — i > M' be any morphism in SLoc. Then 


Gtr = X * 


° G m> ° X* 


(5.15) 


as linear maps from to 


Proof. Let us define G M := y* 


° G m , o y* 


We will show that G M is a retarded/advanced 


super-Green’s operator for Pm, which due to the uniqueness result in Corollary 15.51 implies 


that G^ = G%j. 
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We have to show that G M satisfies the three conditions of Definition l4.ll Item (i) is satisfied 
because of 

Pm o Gm = P m °X* ° G^j, o x* = X* ° Pm' ° G m' ° X* = X* ° X* = , (5-16) 

where in the second equality we have used (14.11) and in the last equality Lemma 15.11 (i). Item 
(ii) is satisfied because of 

Gm o Pm\^ c(M) = X* ° ° X* ° Pm ° X* ° X* = X* ° G o y* o y* ° P M , o y* 

= X* ° G^' ° Pm' ° X* = X* ° X* = id^ c (M) • (5-17) 

In the second equality we have used (14.11) and in the first, third and last equality Lemma 15.II 
(i). To show that item (iii) is satisfied we use the same argument as in [BG111 Lemma 3.2], 
which is based on the causal compatibility of the image of the reduced morphism y : M —>• M'. 
Indeed, 

supp (Gm(F)) = supp(y* o G^j, o x*( F )) ^ X _1 ( su Pp( G 'm' ° X*( F ))) 

^ X _1 (^m' (x( su PP(T)))) = ^m( su PP(^)) , (5-18) 

for all F € 0 C (M). □ 

5.3 The functor £ : SLoc —» X 

Let us fix any super-field theory according to Definition 14.21 For any object M in SLoc we can 
define a linear map 

t~m ■ & C (M) ® &c(M )—>M, Fi <S> f 2 1 — > t~m( f i, f 2) = {Gm( f i), f 2)m , (5.19) 

where Gm '■= G\j — G^ is the retarded-minus-advanced super-Green’s operator and (■, ■) M 
is the pairing (13.111) . Since, by definition, the ^-parity of Gm agrees with that of the pairing, 
the linear map tm is even and hence a SVec-morphism. As a consequence of (13.121) and Lemma 
15.31 we find that 

tm( f i,T 2 ) = (_i)l^l+ 1 (_i)l^ill^l Tm (F 2 ,F 1 ) 

( — (— l)l Fl l l F2 l tm( f 2,Fi) , for dim(S') even , 

\( _ l)l Fl l l Fa l t~m( f 2 , f i) , for dim(S') odd , 

for all homogeneous F \, F 2 G 0 C {M). Hence, tm is super-skew symmetric if dim(S’) is even 
and super-symmetric if dim (S') is odd. 

Let us recall that by Theorem 15.41 the kernel of the linear map Gm ■ &c{M) —> 0 SC (M) 
coincides with the image of Pm '■ —>■ ff c (M). As a consequence, the SVec-morphism 

tm defined in (15.191) descends to the SVec-morphism (denoted with a slight abuse of notation 
by the same symbol) 

^c(M) ^ 0 C {M) 


(5.20) 


™ '■ pm(m)) ® pm mm ~ R ’ [Fl1 ® IFy ^ <G " (Fl) ’ F2, « ’ (5 - 21) 

which is weakly non-degenerate, i.e. tm([ f : lJjFh]) = 0 for all [Fi] € 0 C {M) / Pm{@ c {M)) 
implies that [F 2 ] = 0. The pair 


£(M) := 


\P m (0c(M)) 


,t~m 


(5.22) 


is therefore a super-symplectic space if dim(S) is even and a super-inner product space if dirn(S') 
is odd. 

We shall now show that the assignment (I5.22P is functorial. For this we introduce the 
following category which depends on the choice of super-field theory via dim (S’) mod 2. 
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Definition 5.7. The category X consists of the following objects and morphisms: 

• The objects are all pairs V := (V,r) consisting of a real super-vector space V and a 
weakly non-degenerate SVec-morphism r : V <S> V -4 M, which is super-skew symmetric if 
dim(S) is even and super-symmetric if dirn(S) is odd, i.e. 

t(v 1,V 2 ) = (-l) dim ( s ) +1 (-l)M I" 2 ' t(v 2 , Vi) , (5.23) 

for all homogeneous vi,V 2 € V. 

• The morphisms L : V V' are all SVec-morphisms (denoted by the same symbol) 
L : V -4 V' satisfying r' o (L ® L) = r. 

Proposition 5.8. The following assignment is a functor £ : SLoc -4 X: To any object M in 
SLoc we assign the object £(M) in X given by \ 5. 22\) and to any SLoc-morphism x '■ M —> M' 
we assign the X-morphism 

£(y) : £(M) —> £(M') , [F] —[ X *(F)] . (5.24) 

Proof. We have already seen above that £(ihf) is an object in X. It remains to show that (15.2411 
is well-defined and an X-morphism. It is well-defined since 

X* ° Pm(F) = x* ° Pm o x* o X*{P) = X* ° X* ° Pm' ° X*( F ) 

= Pm' ° X*{P) £ PM'i^ciM')) , (5.25) 

for all F £ 0 C (M). Moreover it is an X-morphism since 

t m'{[x*(Pi)}Ax*( f 2)}) = (Gm'°X*(Fi),X*(F2))m' = (X* °G m > o X *(F 1 ),F 2 ) m 

= ( G m (F 1 ),F 2 ) m = t m ([F 1], [F 2 ]) , (5.26) 

for all [Pi], [F 2 ] £ 0 C (M)/Pm(0 C (M)). In the second equality we have used Lemma Hull (ii) 
and in the third equality we have used Lemma 1-5.61 The functoriality of £ is induced by the 
functoriality of : SLoc — > SVec which has been established in Corollary 15.21 □ 

We finish this subsection by proving some properties of the functor £ : SLoc —X, which 
are the axioms of locally covariant quantum field theory IBFV03I applied to classical theories. 

Theorem 5.9. For any super-field theory according to Definition \j.‘d\ the associated functor 
£ : SLoc —> X satisfies the following properties: 

• Locality: For any SLoc-morphism x '■ FI —>• M', the X-morphism £(x) : £(AL) —>• £(IIT / ) 
is monic. 

• Super-causality: Given two SLo c-morphisms M\ ^4 M M 2 such that the images 

" ' '— ~)Cl " '— 

of the reduced otLor -morphisms M\ —> M <— M 2 are causally disjoint, then 

tm (£(xi)(£(M 1 )),£(x 2 )(£(M 2 ))) = {0} . (5.27) 

• Time-slice axiom: Given any Cauchy SLoc-morphisn H % : M —>• M', then £(x) : 
£(Af) —> £(IVT / ) is an isomorphism. 

3 A Cauchy SLoc-morphism is a SLoc-morphism \ ’■ FI —> M' such that its reduced otLor-morphism x ■ 
M M' is Cauchy, i.e. the image of x contains a Cauchy surface in AT. 
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Proof. The locality property is as usual a consequence of tm being weakly non-degenerate; 
indeed, assuming that £(x)([F]) = 0, for some [F] £ £(1W), we find that 

=tm{[H],[F}) = 0 , (5.28) 

for all [H] £ £(1VT), and hence [F] = 0. The super-causality property is a consequence of the 
support properties of the super-Green’s operators, cf. Definition 14.11 (iii). 

To show the time-slice axiom, it remains to prove that £(x) is surjective for any Cauchy 
SLoc-morphism, which is equivalent to proving that any class [F] £ £(i\^T / ) has a represen¬ 
tative F' € with support contained in \{M) C M' . This follows from a standard 

argument which we shall now generalize to the case of supermanifolds. Let us take any two 
non-intersecting Cauchy surfaces C x{M) C M 1 of M 1 , such that £ + lies in the chrono¬ 
logical future of £~. Take the open cover U ^ := of M' and choose some partition 

of unity p± £ &(M') subordinated to this cover (see jCCFlll Proposition 4.2.7] for a proof of 
existence of partitions of unity on super manifolds). We choose any representative F £ 0 C (M') 
of the class [F] £ £(M"') and define 

H := p~ G + m ,{F) + p + G~ m ,{F ) £ tf c (M') . (5.29) 

Then F' := F — P M >(H) £ 0 C (M') is a representative of the class [F] with support contained 
in x(M) C M'. □ 


5.4 The quantization functor 0 : X —y S*Alg 

The quantization is performed by assigning to objects V in X SCCR superalgebras in the case 
of dim(S’) even and SCAR superalgebras in the case of dim (S') odd. This reflects the fact that 
the objects in X are super-symplectic spaces if dim (S') is even and super-inner product spaces 
if dim(S') is odd. We can perform this construction in one step by using suitable sign and 
imaginary unit i £ C factors (depending on dirn(S') mod 2) in the definitions below. 

Let V = (V, r) be any object in X. We consider the complexified tensor superalgebra 

Tc(V) :=®T c ”(V):=0 V® n ® C (5.30) 

n> 0 n>0 

and denote its product simply by juxtaposition. Notice that 7c(V) is generated (over C) by 

the unit 1 := 1 £ T^{V) ~ C and the elements v = v <g> 1 € T^(V) = V <S> C, for all v £ V. 

We equip F<c(V) with the superinvolution which is defined on the generators by 1* = 1 and 
v* = v, for all v £ V, and extended to all of Tc{V) by C-antilinearity and 

(a 1 a 2 )* = (-l)l“ 1 Ha 2 l a * a * , (5.31) 

for all Z 2 -parity homogeneous oi,a 2 £ Tc{V). Using the SVec-morphism r : V (8> V —> R, we 
define F(V) to be the two-sided super-*-ideal in Tc(V) that is generated by the elements 

v\V2 + (—i) dim (-S , )+ 1 (_i)hilh 2 l V2Vl _ p T {vi,V2) 1 , (5.32) 


for all homogeneous generators V\,V2 £ V, where we have used 


/?:= 


for dim(5) even , 
for dirn(S') odd . 


(5.33) 


Notice that (15.321) describes SCCR if dim(S’) is even and SCAR if dim(S') is odd. We define 
the object £}(V) in S*Alg by the quotient 


O(U) : = 


T C (V) 

1(V) 


(5.34) 
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Proposition 5.10. The following assignment is a functor ll : X —> S*Alg: To any object V 
in X we assign the object £}(V") in S*Alg given by \5.3ffi and to any X-morphism L : V —> V' 
we assign the S* A\g-morphism £2(L) : Q(V) —>• £3(V’ / ) that is specified by defining on the 
generators Q(L)(v) := L{v), for all v € V. 

Proof. By our constructions above, we already know that £}(V) is an object in S*Alg, for all 
objects V in X. It remains to show that £}(L) : £J(V) —> 0.{V') specified above is well-defined, 
i.e. that it preserves the two-sided super-*-ideals. This is a consequence of the explicit form of 
the generators of these ideals (15.321) and the fact that L : V —> V' satisfies r / o(L< 8 >L) = r. □ 

5.5 The locally covariant quantum field theory 21 : SLoc —> S*Alg 

We compose the functors £ : SLoc —> X and £3 : X —> S*Alg in order to define the functor 

21 := £3 o £ : SLoc—> S*Alg . (5.35) 

This functor satisfies a supergeometric modification of the axioms of locally covariant quantum 
field theory (BFV03L 

Theorem 5.11. For any super-field theory according to Definition ^. 2\ the associated functor 
21 : SLoc —> S*Alg satisfies the following properties: 

• Locality: For any SLoc -morphism x '■ AT —> M', the S*Alg -morphism 2l(x) : 21 (AT) —>• 
2l(AT / ) is monic. 

• Super-causality: Given two SLo c-morphisms AT \ AT M 2 such that the images 
of the reduced otLor -morphisms M\ -^-> M M 2 are causally disjoint, then 

ai a 2 + (_l ) dim ( 5 )+ 1 (-l)l“il l a2 l a 2 ai = 0 , (5.36) 

for all homogeneous a\ € 2 l(xi)( 2 t(M"i)) and a 2 € 2 t(x 2 )( 2 t(iVT 2 )). 

• Time-slice axiom: Given any Cauchy SLoc -morphism x '■ M M', then 2t(y) : 
21 (M) —> 21 (M 1 ) is a S* A\g-isomorphism. 

Proof. All properties listed above follow by standard arguments from the corresponding prop¬ 
erties of the classical theory given in Theorem 15.91 Let us briefly give a sketch or reference: 
The locality property follows by using the techniques summarized in [FV121 Appendix A]. The 
super-causality property for a± and a 2 being two generators follows explicitly from the form 
of the two-sided super-*-ideal ([5.321) and for generic a± and a 2 by expressing these elements in 
terms of generators and using iteratively the super-causality property for the generators. The 
time-slice axiom for 21 = £3 o £ follows since functors (here £}) preserve isomorphisms. □ 

Remark 5.12. Notice that the super-causality property (15.361) is similar to the graded-causality 
property encountered in fermionic quantum field theories, see e.g. }BG11| . In particular, if 
dim (S') is even then (15.361) implies that two even elements commute and two odd elements 
anti-commute whenever they are spacelike separated. In an ordinary (i.e. non-supergeometric) 
quantum field theory one usually postulates that only the even elements of the algebras are 
true physical observables, which includes in particular bilinear terms in fermionic quantum 
fields such as the stress-energy tensor. A similar construction is also possible in our present 
description of super-QFTs: We may define a new functor 2to : SLoc —> *Alg (the even part 
of the super-QFT 21 : SLoc —S*Alg) to the category of ordinary ^-algebras by assigning to 
any object M in SLoc the even sub-*-algebra 2lo(Af) of 2t(Af) and to any SLoc-morphism 
X : M —> M' the restriction of 2l(x) : 21 (M) —> 21 (M 1 ) to 2to {M). (Because 2t(x) preserves 
Z 2 -parity we have that 2lo(x) := 21(x)|a 0 (M) : 2lo (M) —> 2lo (M r ) maps to 2to(AT / ).) The 
functor 2to : SLoc —>• *Alg then satisfies the ordinary locality, causality and time-slice axiom of 
locally covariant quantum field theory jBFV03| . 
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We conclude this section by constructing a locally covariant quantum field for the functor 
21 : SLoc —>• S*Alg, which establishes a connection to the data specifying a super-field theory 
in Definition 14.21 Let us consider the functor ff c : SLoc —> SVec and regard 21 also as a functor 
to SVec (denoted by the same symbol) by composing with the forgetful functor. There is a 
natural transformation : ff c => 2t of functors from SLoc to SVec with components given by 
the SVec-morphisms 


: 0 C (M) —► 21 (M) , F i— > [F] . (5.37) 

In analogy to BKV03I we shall interpret &m(F) € 2l(IVf), for F € as a smeared linear 

hermitian superfield operator on M. The connection to the data in Definition 021 is established 
by noticing that the superfield operators satisfy the equations of motion (in weak form) 

^m{Pm{F)) = 0 , (5.38) 

for all F € and all objects M in SLoc. Moreover, they satisfy the super-canonical 

(anti) commutation relations 

^m(F 1 )^m{F 2 ) + (_1)<WS)+1 (.-qlDll^l $ M (F 2 )<L M (Ti) = Ptm(F 1 ,F 2 ) , (5.39) 

for all homogeneous F\,F 2 € and all objects M in SLoc. We recall that (3 = i if 

dim(S') is even and (3 = 1 if dim(S) is odd. 

Remark 5.13. For any object M in SLoc we have a decomposition = & c (M)q ® 

i into the even and odd part. We can define new super-vector spaces ven (M ) := 
& C (M )o ® 0 and 0° dd (M) := 0 ® & C (M) i and notice that ^® ven : SLoc —> SVec and €?° dd : 
SLoc —> SVec are subfunctors of 0 C : SLoc —> SVec. (The latter statement is due to the fact 
that the push-forwards <^ c (x) = X* preserve the Z 2 -parity.) Consequently, our locally covariant 
quantum field $ : => 21 decomposes into two natural transformation 3> even ; ^® ven => 21 

and <h odd : ^° dd 21, which describe within our physical interpretation the even and odd 
component quantum fields of the superfield <h. The appearance of the even and odd quantum 
fields is an undesirable feature, which indicates that our formulation does not appropriately 
capture supersymmetry transformations. In fact, supersymmetry transformations are supposed 
to mix the even and odd component fields, hence allowing neither of them to be a natural 
transformation, i.e. a locally covariant quantum field. It is the goal of the next section to ‘enrich’ 
(in a mathematically precise way) the categories and functors appearing in our construction in 
order to capture also supersymmetry transformations. 

6 Axiomatic definition of enriched super-field theories 

Motivated by the shortcomings of our present theory, which have been summarized in Remark 
15.131 we shall now systematically ‘enrich’ all categories, functors and natural transformations 
appearing in the Definition 14.21 of super-field theories. A suitable mathematical framework 
is that of enriched category theory, see e.g. |Kel82l tBSOOj and also Appendix [A] for a brief 
introduction to the basic concepts. Loosely speaking, in an ordinary category the morphisms 
between two objects have to form a set and in an enriched category the morphisms between 
two objects are allowed to be an object in another (monoidal) category. Enriched functors 
and natural transformations are then defined by a suitable generalization of the standard 
concepts of functors and natural transformations in ordinary category theory. In our definition 
of enriched super-field theories, as well as in the construction of the corresponding enriched 
super-QFTs in Section [71 we shall consider enriched categories over the monoidal category SSet 
of supersets, which we also call SSet-categories. Again loosely speaking, while an ordinary set 
is determined by its points, a superset is determined by its superpoints. To make precise the 
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notion of supersets, we shall use the category theoretical approach to supergeometry proposed 
by Schwarz [Shv84] and Molotkov [ Mol84| . and developed in detail by Sachse [SacflSj . see also 
|SWllllXLT2j . 


6.1 The monoidal category SSet of supersets 

For better understanding the concept of supersets, it will be helpful to view ordinary sets from 
a categorical perspective. Let A be any set. Then A is determined by its points, which can be 
described by maps x : pt —> A from a (once and for all fixed) singleton set pt := {*} to the set 
A. In other words, the points of A are described by the morphism set Homs e t(pf) A). Using 
the usual composition of maps, any map between two sets / : A —» B induces a map between 
the morphism sets 


Hom Set (pt, A) —> Hom Set (pt, B) , x \—> fox. (6.1) 

Let Pt be the category consisting of the single object pt and the single morphism id p t - Then the 
morphism set above can be regarded as a functor Homs et ( •, A) : Pt op —> Set (in foresight we use 
here the opposite category Pt op ) and the map (16.11) as a natural transformation Homs et ( •, A) => 
Homs e t( •, B) between functors from Pt op to Set. What this means is that we have constructed 
a functor 


Set —Fun(Pt op , Set) (6.2) 

from the category of sets to the category of functors from Pt op to Set. Notice that the functor 
(16.21) is an equivalence between the categories Set and Fun(Pt op , Set). In other words, we can 
choose freely if we want to work with the usual category Set of sets or with the functor category 
Fun(Pt op , Set). 

Motivated by this functorial point of view, we shall define the category of supersets as the 
functor category Fun(SPt op , Set), where SPt is the following category of superpoints: 

Definition 6.1. The category SPt consists of the following objects and morphisms: 

• The objects are given by the supermanifolds pt n := (pt,A n ), where A n := /\* M n is the 
real Grassmann algebra over R n and n £ N°. 

• The morphisms A : pt n —> pt m are all supermanifold morphisms. 

The category SSet of supersets is defined as the functor category 

SSet := Fun(SPt op , Set) . (6.3) 

Remark 6.2. In fSac08| . the category of superpoints is defined as the full subcategory of SMan 
with objects given by all super manifolds whose underlying topological space is a singleton. This 
category is equivalent to our category SPt and moreover we have that SPt op is equivalent to the 
category of finite-dimensional real Grassmann algebras Gr. Hence, our category of supersets 
(16.31) is equivalent to the functor category Fun(Gr,Set), which is used for example in )Sac08] , 

Recall that the category Set of ordinary sets is a monoidal category with bifunctor x : 
Set x Set —> Set given by the Cartesian product and unit object given by the singleton set pt. 
By a general construction, the monoidal structure on Set induces a monoidal structure on the 
functor category Fun(SPt op , Set) and hence on the category SSet of supersets. Let us briefly 
recall this construction and give explicit formulas. We define a bifunctor (denoted with a slight 
abuse of notation also by x) 


x : SSet x SSet 


SSet 


(6.4) 


27 















by assigning to any object (5 : SPt op — > Set. 3"' : SPt op — > Set) in SSet x SSet the object 
5 x : SPt op —> Set in SSet, which is the functor specified on objects pt n in SPt op by 

(5 x S'XpU : = S(ptJ x S''(Pt n ) (6-5a) 

and on SPt op -morphisms A op : pt n —> pt m by 

(S X S')(A op ) := 3(A op ) x S'(A op ) : (5 x ff / )(pt„) -^(Jx ff / )(pt m ) . (6.5b) 

To any morphism (rj : 3 =4* 0, rf : =>■ 0') in SSet x SSet we assign the morphism r/ x rf : 

J x =x © x 0' in SSet which is given by the natural transformation with components 

in x rf) pt „ := V P t n x Vpt n : (S x S')(pt n ) —> (® x 0')(pt n ) , (6.5c) 

for all objects pt n in SPt op . The unit object in SSet is the functor 3 : SPt op —x Set specified on 
objects pt n and morphisms A op : pt n —> pt m in SPt op by 

3(pt n ) := Pt , 3(A op ) := idpt . (6.6) 


In summary, we have 

Proposition 6.3. The category SSet of supersets is a monoidal category with bifunctor x : 
SSet x SSet — y SSet defined by 13.51 ) and unit object 3 defined by 16.6)) . 

6.2 The SSet-category eSLoc 

Let us choose as in Definition 14.21 any full subcategory SLoc of ghSCart. The goal of this 
subsection is to define a SSet-category eSLoc, such that the objects in eSLoc coincide with 
those in SLoc and that the morphism supersets in eSLoc enrich (in a suitable way) the ordinary 
morphism sets in SLoc. The main feature of this enrichment will be that supersymmetry 
transformations appear as superpoints of the morphism supersets, see Section [S] for explicit 
examples. 

Before we can define the SSet-category eSLoc we need some preparations. A supermanifold 
M can be described in the framework of supersets (16.31) by the functor HomsM an ( • , M) : 
SPt op —> Set. We will not describe the details of this approach (see |Shv84. Mol841 ISac081 
ISac09j h but we make use of an equivalent picture: HomsM an (pt n , M) clearly coincides with 
the set sections of the trivial super-fibre bundle pt n x M —> pt n and natural transformations 
HomgMan (■) Af) —> HomgMan (" 5 M r ) correspond to super-fibre bundle morphisms. We will 
discuss the basic properties of this “family point of view” and refer to the literature jSac091 
Chapter 3.3] and [Del99L §2.8 and §2.9] for more details. 

Given any object M in SMan and any object pt n in SPt op , we can consider the prod¬ 
uct supermanifold pt n x M = (M, A n (g> &m) together with the projection SMan-morphism 
P r pt n xM,pt n : Ptn x M —> pt n onto the first factor. The pair (pt„ x M, pr ptriXM;Pt J is typically 
called a pt n -relative supermanifold and denoted by the compact notation M/ pt n . A a pt n - 
relative SMan -morphism (in short: SMan/pt n -morphism) x : M/pt n —> M'/ pt n between two 
pt n -relative super manifolds is a S Man-morphism x '■ pt ra x M —>- pt n x M' between the product 
supermanifolds which preserves the projections, i.e. the diagram 

pt n x M ---- pt n x M' (6-7) 
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in SMan commutes. Explicitly, a SMan-morphism x '■ pt n x M —> pt n x M' is a SMan/pt n - 
morphism if and only if x*(C <8> 1) = £ (§5 1, for all £ € A n . Notice that the identity id ptn xM : 
M/pt n —> M/pt n is a SMan/pt n -morphism and that two SMan/pt n -morphisms x '■ M/pt n —>• 
M'/ pt n and x' '■ M'/p t n M"/pt n can be composed, i.e. x' ° X '■ M/pt n —> M"/ pt n is a 
SMan/pt n -morphism. Using the defining property (16.71) . the set of all SMan/pt n -morphisms 
X '■ M/pt n —> M'/ pt n can be easily characterized. 

Lemma 6.4. Let M and M' be any two objects in SMan and pt n any object in SPt op . Then 
the map 

a ptn : Hom SMan/ptri (M/pt n ,M7pt n ) —> Hom SMan (pt n x M, M') , 

(x : Pt n x M pt n x M') i—> (pr P t n xM',M' ° X ■ Pt n x M -> M ') , (6.8) 

is a bijection of sets, where pr pt yM , M ' '■ pt n xM' —>• M' denotes the projection SMan -morphism 
on the second factor. In fact, its inverse is given by 

a P t n '■ Hom S Man(ptn * M,M') —» Hom SMan/ptn (M/pt„,M'/ptJ , 

(7 : pt n x M —> M') i—> ((id ptn ,7) : pt n x M —>■ pt n x M') . (6.9) 

We next show that the assignment pt n i-> Homs Man / pt (M/pt n , M'/pt n ) defines a functor 
SPt°P _» Set, which is basically the functor used in jiSadM Han 1 1 to define super-mapping 
spaces. Given any two objects M and M' in SMan and any SPt op -morphism A op : pt ra —>• pt m 
(i.e. a SPt-morphism A : pt m —> pt„) we can define a map of sets 

Hom SM an(pt„ X M,M') —> Hom S Man(pt m x M,M') , 

(7 : pt n x M —y M') \—> (i) ° (A x id m) ■ pt m x M —> M ,s ) . (6.10) 

Using also Lemma 16.41 we obtain a map of sets 

A* p : Hom SMan/ptn (M/pt n , Af'/pt,,) —> Horn SMan/ptm (M/pt m , M'/pt m ) , 

X 1 —» “pi («pt„(x) ° ( A x id M )) , ( 6 . 11 ) 

which describes how relative SMan-morphisms behave under the exchange of superpoints. The 
following properties can be easily derived from (16.111) . We therefore can omit the proof. 

Lemma 6.5. (i) For any identity SPt op -morphism A op = id ptn : pt n —> pt n the map A° p is 

the identity. For any two SPt op -morphisms A op : pt n —> pt m and A ,op : pt m —> pt; we 
have that (A ,op o op A op )* = A* op o A° p . 

(ii) A* p preserves identities and compositions, i.e. 

A° p (id ptriX M) = id p t m xM , A° P ( X ' o X ) = \° P ( X ') o A° p (x) , (6.12) 

for all objects M in SMan and all SMan/pt n -morphisms x '■ M/pt n —> M'/pt n and 
x! ■ M'/pt n -f M"/pt n . 

(Hi) A* p preserves isomorphisms, i.e. x '■ Af/pt n —> M'/pt n is a SMan/pt n -isomorphism if 
and only if A/ P (x) : M/pt m —> M' / pt m is a SMan/pt ^isomorphism. 

We shall also require a relative notion of differential geometry on pt n -relative supermani¬ 
folds M/pt n . Let Der p t n xM be the superderivation sheaf of the product supermanifold pt n x M 
and U C M be any open subset. A superderivation X £ Der ptnX M(b r ) is called a pt n -relative 
superderivation provided that X(( <S> 1) = 0, for all £ € A n . The pt n -relative superderiva¬ 
tions form a subsheaf Der M / ptn of left & p t n x M-supermodules of Der ptriX ^f, which is isomorphic 
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to A n <8 Der M . The dual ^ M/pt ■= H°Ili^ ptn) < M ( Der M/pt n , G ptnXM ) of the pt n -relative su¬ 
perderivation sheaf Der M / p t n is called the pt n -relative super-one-form sheaf and it is isomorphic 
to A n (8> The pt n -relative differential d M : G p t n xM —> ^M/ pt defined as in the non- 

relative case and it can be identified with idA n <8> d : A n <8 Gm —>• A n <8 where d : Gm —> 
is the usual differential. Loosely speaking, we obtain the pt n -relative geometric objects on 
M/pt n by A n -superlinear extension of the ones on AT. As a consequence, given any object 
AT = (AT, D, E) in SLoc and any object pt n in SPt op , we can assign a pt n -relative supermanifold 
M/pt n together with pt n -relative super-one-forms l(8fl G A n <8S7 1 (M,spin) ~ n 1 (M/pt ri ,spin) 
and 1 (8 E £ A n <8 LI 1 (AT, t) ~ fl 1 (M/pt n , t). 

With these preparations we can now define the SSet-category eSLoc. 

Definition 6 .6. The SSet-category eSLoc is given by the following data: 

• The objects are all objects AT = (M,fl,E) in SLoc. 

• For any two objects AT and AT 7 in eSLoc, the object of morphisms from M to M' is 
given by the following functor eSLoc(AT, M') : SPt op —» Set: For any object pt n in SPt op 
we define eSY.oc(M to be the set of all SMan/pt n -morphisms x '■ M/pt n —»• 
M'/ pt n , such that 

1. x : A{ —> M' is an open embedding with causally compatible image in the reduced 
oriented and time-oriented Lorentz manifold M r , 

2. x '■ Af/pt n —> M'\~,^/pt n is a SMan/pt n -isomorphism, 

3. the pt n -relative super-Cartan structures are preserved, i.e. x*(l <8 = 1 8 LI and 

X*(l ®E') = 1 ®E. 

For any SPt op - morphism A op : pt n pt m we define the map of sets 

eSLoc(M, M')(A op ) := A° p : eSLoc(M, M')(pt n ) —► eSLoc(M, M')(pt m ) , (6.13) 

where A° p is given in (16.111) . 

• For any three objects AT, M' and M" in eSLoc, we define the composition morphism 
• : eSLo^AT', AT") x eSLoc(AT, AT') —> eSLoc(AT, AT") to be the natural transformation 
with components 

• ptn := o : eSLoc(AT', AT")(pt n ) x eSLoc(AT, AT / )(pt n ) —> eSLoc(AT, AT")(pt n ) , 
where o is the composition of SMan/pt n -morphisms. 

• For any object AT in eSLoc, we define the identity on AT morphism 1 : 3 —► eSLoc (AT, AT) 
to be the natural transformation with components 

l P t„ : Pt = 3(ptJ —» eSLoc(AT, AT)(pt n ) , * i—> id p t„xM , (6.14) 

where id p t n xM is the identity SMan/pt n -morphism. 

Remark 6.7. Using Lemma 16.51 one can easily see that eSLoc is a SSet-category according 
to Definition IA.1I Lemma 16.51 (iii) implies that the map of sets eSLoc(AT, AT')(A op ) is well- 
defined, i.e. that it has the claimed codomain, and Lemma 16.51 (i) implies that eSLoc(AT, AT') : 
SPt op —> Set is a functor. The composition • and identity 1 are natural transformations because 
of Lemma [6.51 (ii). Finally, the diagrams in Definition I A. 1 1 commute because of the associativity 
and identity property of the composition o of SMan/pt n -morphisms. 
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6.3 The SSet-functor tff : eSLoc op —y eSVec 


Our next goal is to show that the ordinary global section functor 6 : SLoc op —y SVec can be 
promoted to a SSet-functor zG : eSLoc op —>• eSVec with values in the SSet-category eSVec of 
super-vector spaces. For defining the latter SSet-category we will first discuss how to promote 
super-vector spaces to (left) supermodules over Grassmann algebras. This procedure is known 
as “extension of ring of scalars” and discussed in detail in | Bou89l Chapter II.5]. 

Given any object V in SVec and any object pt n in SPt op , we can consider the left A„- 
supermodule A n 0 V. Given any two objects V and V' in SVec, the set of A n -SMod-morphisms 
L : A n 0 V —> A n 0 V' can be easily characterized. 

Lemma 6.8. Let V and V' be any two objects in SVec and pt„ any object in SPt op . Then the 
map 

/3 p t n : Hom An -SMod(A„ 0 V, A n 0 V') —> Hom S vec(V, A n 0 V') , 

(L : A n 0 V —> A n 0 V') i —y (L o (j) n 0 idy) : V ~l0h — y A n ® V') , (6.15) 

is a bijection of sets, where rj n : R — > A n denotes the unit in A n . 

Proof. The map /3 pt is invertible by assigning to any SVec-morphism K : V —> A n 0 V' the 
A n -SMod-morphism j3~^ ( K ) : A„0P — > A n 0 V' that is specified by fd^ 1 {K)(f 0 v) := 
(C 0 1) K(v), for all ( 0 v £ A n 0 V, and M-linear extension. □ 

Given any two objects V and V' in SVec and any SPt op -morphism A op : pt n —>• pt m (i.e. a 
SPt-morphism A : pt m —y pt n ) we can define a map of sets 

Homsvec(V, An 0 V') —>• Hom SV ec(K Am 0) V') , K (X* 0 idy/) O K . (6.16) 

Using also Lemma 16.81 we obtain a map of sets 

A° p : Hom An . S Mod(A n 0 V, A n 0 V') —> Horn Am _ SMod (A m 0 V, A m 0 V') , 

A —► ((y 0 idy/) o . (6.17) 

The following properties can be easily derived from ()6.17f) . see also |Bou89j . We therefore can 
omit the proof. 

Lemma 6.9. (i) For any identity SPt op -morphism A op = id ptn : pt n —y pt n the map A° p is 

the identity. For any two SPt op -morphisms A op : pt n —y pt m and A ,op : pt m —> pt ; we 
have that (A' op o op A op )* = A'* op o A° p . 

(ii) A° p preserves identities and compositions, i.e. 

A^ p (id An0 y) = id Am ^ y , A: p (L' O L) = A° P (L') O A° P (L) , (6.18) 

for all objects V in SVec and all A n -SMod -morphisms L : A n 0 V —> A n 0 V' and 
V : A n 0 V' —y An 0 V". 

(in) A° p preserves isomorphisms, i.e. L : A n 0 V —y A n 0 V' is a A n -SMod-isomorphism if 
and only if A° P (L) : A m 07 -> A m @7' is a A m -SMod -isomorphism. 

With these preparations we can now define the SSet-category eSVec. 

Definition 6.10. The SSet-category eSVec is given by the following data: 

• The objects are all objects V in SVec. 
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• For any two objects V and V' in eSVec, the object of morphisms from V to V' is given by 
the following functor eSVec(V, V') : SPt op —y Set: For any object pt n in SPt op we define 
eSVec(V, V , )(pt n ) to be the set of all A n -SMod-morphisms L : A n <g> V —» A n (g> V'. For 
any SPt op -morphism A op : pt n —> pt m we define the map of sets 

eSVec(V, F')(A° p ) := A° p : eSVec(V, V')(pt n ) —> eSVec(V, y')(pt m ) , (6.19) 

where A° p is given in (16.171) . 

• For any three objects V, V' and V" in eSVec, we define the composition morphism 
• : eSVec(y', V") x eSVec(V) y') —y eSVec(V, V") to be the natural transformation with 
components 

•pt„ := ° = eSVec(F', V")(pt n ) x eSVec(V, V")(pt n ) —* eSVec(V, V”)(pt n ) , 
where o is the composition of A n -SMod-morphisms. 

• For any object V in eSVec, we define the identity on V morphism 1 : 3 — y eSVec(V, V) 
to be the natural transformation with components 

l P t„ : Pt = 3(pt n ) —> eSVec(V, F)(ptJ , * i—> id An (g,y , (6.20) 

where idA n ®y is the identity A n -SMod-morphism. 


Remark 6.11. Let us briefly compare our category eSVec with the functorial formulation 
of super (linear) algebra used in jSacOSi. Section 3], |Mol841 Section 2] and |Shv84| . In the 
latter approach, one considers module objects in the monoidal category SSet, i.e. functors M : 
SPt°P —> Set such that all M(pt n ) carry module structures and all M(A op ) : M(pt n ) — > M( pt m ) 
are homomorphisms of modules. Together with appropriate morphisms in SSet, they form the 
category Mod(SSet). It is easy to see [Sac081 Section 3.4] that any object V in SVec gives rise 
to an object V in Mod (SSet) (i.e. a functor) defined by 

^(ptj : = {V ® A„) 0 , V(A op : pt n —> pt m ) := (idy (g> A*)| 0 • (6.21) 

Moreover, it can be shown [Sac08 . Corollary 3.4.2] that the assignment “ : SVec —>■ Mod(SSet) 
defines a fully faithful functor; its image SVec consists of representable modules. Compar¬ 
ing with Definition 16.101 we see that eSVec and SVec have isomorphic classes of objects 
but our enriched category eSVec contains more morphisms. In fact, since " r is full, we have 
H° m svi^(V, W) = Homsvec(^bF) — eSVec(V, W)(pt 0 ). Thus, all additional information con¬ 
tained in eSVec(V, W)(pt n ) for n > 0 is not seen in SVec and our definition provides a proper 
enrichment of the latter category. It may be possible to give a natural meaning to our enrich¬ 
ment constructions inside the functor categories Mod(SSet) (or SMod(SSet)), but this discussion 
is beyond the scope of the present publication. 

We now can define a SSet-functor zG : eSLoc op eSVec as follows: To any object M 
in eSLoc op we assign the object := ff(M) in eSVec. To any two objects M and M' 

in eSLoc op we assign the SSet-morphism : eSLoc op (Af, M') — > eSVec(^(AT), ff(M')) 

given by the natural transformation (of functors from SPt op to Set) with components 

(^M,M')pt n ■ (x : ptn X M' pt n x M) I— > (x* : K ® €?(M) ->• A n O . (6.22) 

Naturality of these components is easily checked. We obtain 

Proposition 6.12. The assignment zG : eSLoc op —> eSVec given above is a SSet -functor. 
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Proof. We have to prove that this assignment is compatible with the composition and identity, 
see Definition IA.31 Let pt n be any object in SPt op and M, M' and M" any three objects in 
eSLoc op . We obtain that, for all x € eSLoc op (M", M')(pt n ) and x' € eSLoc op (iW', M")(pt n ), 

Wmm") pt„ (x' »pt n x) = (c^m,m") pt„ (x ° x') = (x ° xO* = x'* ° X* 

= (zG M >, M ”)pt n (x') ° pt„(x) 

= » p t n (*G m ,m') pt„(x) i (6.23) 

which proves compatibility with the composition. Compatibility with the identity is shown by 

(*G m ,m) pt n (lpt„(*)) = (c^ > M,M)pt n (id p t n xM) = (id p t„xAf)* 

= = lpt„(*) , (6-24) 

for all objects M in eSLoc op . □ 

Remark 6.13. As in the ordinary case, we can enlarge the morphisms in the SSet-category 
eSVec by replacing in Definition 16.101 all appearances of the sets HomA n . SMod (A n ® R, A n ® V ) of 
A n -SMod-morphisms by the sets underlying the internal hom-objects Horn a (A«. < 8 > V, A n < 8 > V') 
in the category A n -SMod, i.e. all right A n -linear maps L : A n <g> V —> A n ® V'. We denote 
the resulting SSet-category by eSVec and note that there is an obvious SSet-functor eSVec —>• 
eSVec . Consequently, we can regard the SSet-functor : eSLoc op —> eSVec also as a SSet- 
functor (denoted with a slight abuse of notation by the same symbol) zff : eSLoc op —> eSVec . 
As explained in Footnote [21 this generalization will be needed in Section [H] to describe Ill- 
dimensional examples (i.e. superparticles), which are somewhat peculiar. 

6.4 Structure of the SSet-natural transformations tG tG 

In super-field theories, cf. Definition 14.21 we have described the dynamics by a suitable natural 
transformation P : G => 6 of functors from SLoc op to SVec . In the enriched setting, we shall 
use suitable SSet-natural transformations P : tG zG of SSet-functors from eSLoc op to eSVec . 
Recalling Definition IA.51 such enriched natural transformations are given by assigning to every 
object M in eSLoc op a SSet-morphism Pm ■ 3 —> eSVec (G(M), G(M )), such that the diagram 
given in this definition commutes. The SSet-morphisms Pm ■ 3 eSVec (G(M), G(M)) are 
given by a natural transformations of functors from SPt op to Set, whose components are maps 
of sets that we denote by 

(Pm) P t„ : pt = 3(ptJ — » eS Vec (G(M), G(M ))(ptJ , 

* 1 —* (-PM)pt„ W = : Pm/ P t„ • (6.25) 

Consequently, any SSet-morphism Pm '■ 3 —> eS\/ec(G(M), G(M)) is specified by a collection 
of right A n -linear maps Pm/ P t„ : (8> G(M) —> A n (g) G(M), for all objects pt n in SPt op , such 
that 


K p (Pm/ pt„) - p M/ pt m , (6-26) 

for all SPt op -morphisms A op : pt n -> pt m . Notice that, for all objects pt m in SPt, there is the 
terminal SPt-morphism A : pt m — > pt given by A = id p t and the unit A* = r] m : R —>• A m in A m . 
As a consequence, the equation (16.260 applied to the terminal SPt op -morphisms A op : pt —>• 
pt m implies that any Pm /pt can b e expressed in terms of the single right Ao=M-linear map 
P M/pt ■ G(M) G(M) via" 

Pm/ P t m = idA m ® Pm /pt = A m ® G(M) —> A m ® G(M) , 

C ® F (-1) ICI |PM/ptl C ® Pm/ pt(P) • (6.27) 
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The commutative diagram in Definition IA.5I requires that 

^M'/pt„ *pt n ( c ^M,M')pt n (x) = ( e ^M,M')pt„(x) *pt„ Pm/ P t n > (6.28) 

for all objects AT and AT' in eSLoc op , all objects pt n in SPt op and all x € eSLoc op (AT, AT'^pt^). 
Using (16.271) . these conditions are equivalent to the commutative diagrams 

A n ® G(M r )- — ' JAJ,/pt —- A n ® G{M') (6.29) 

x* 

I A “^ M > 

of right A n -linear maps, for all objects AT and AT 7 in eSLoc op , all objects pt„ in SPt op and all 
X e eSLoc op (AT', AT)(pt n ). (For later convenience we have exchanged here AT and AT / .) We 
therefore have shown 


x* 


Proposition 6.14. There is a bijective correspondence between 


1. SSet -natural transformations P : zG =>■ zG of SSet-functors from eSLoc op to eSVec , 

2. ordinary natural transformations P : G G of functors from SLoc op to SVec . such that 
the diagram 


A n ® G(M') ----r A n ® G(M') (6.30) 


A n ® G(M) 


P M/pt n :=idA n ® p M 


-*A n ® G(M) 


of right A n -linear maps commutes, for all objects AT and M' in eSLoc op , all objects pt n 
in SPt op and all x € eSLoc op (AT / , AT)(pt n ). 


6.5 The definition 

With this preparation we can now give a simple definition of enriched super-field theories. In 
particular, using Proposition 16.141 we can define an enriched super-field theory to be a super¬ 
field theory (cf. Definition 14.21) together with extra conditions which ensure that the ordinary 
natural transformation P : G =$■ G extends to a SSet-natural transformation P : zG => zG. 

Definition 6.15. An enriched super-field theory is a super-field theory according to Definition 
14.21 such that the diagram (16.301) of right A n -linear maps commutes, for all objects AT and AT 1 
in eSLoc op , all objects pt n in SPt op and all x £ eSLoc op (AT / , AT)(pt n ). 


7 Construction of enriched super-quantum field theories 

We show that given any enriched super-field theory according to Definition 16.151 one can con¬ 
struct a SSet-functor c21 : eSLoc —> eS*Alg, i.e. an enriched super-QFT. As in Section [5] we 
decompose our construction into two steps: First, we construct a SSet-functor e£ : eSLoc —> eX 
which describes the enriched classical theory. Second, we construct a SSet-functor cQ : eX —>• 
eS*Alg describing the enriched quantization. We shall also study properties of the enriched 
functors and establish a connection between the enriched super-field theory and the enriched 
super-QFT by constructing an enriched locally covariant quantum field. In contrast to ordinary 
super-QFTs, our enriched approach captures also supersymmetry transformations. It should 
be emphasized that the SSet-categories eSLoc, eX and eS*Alg are defined using ^-parity pre¬ 
serving morphisms. The appearance of supersymmetry transformations in the enriched setting 
is due to the higher superpoints of the morphism supersets in eSLoc, eX and eS*Alg. 
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7.1 The SSet-functor tff c : eSLoc —y eSVec 

As a preparatory step we construct a SSet-functor tG c : eSLoc —> eSVec that assigns to objects 
M in eSLoc the super-vector spaces of compactly supported sections Z0 C (M) := We 

assign to any two objects M and M' in eSLoc the SSet-morphism z& c m M' : eSLoc(IW, M') —>■ 
eSVec(^ c (Af), given by the natural transformation (of functors from SPt op to Set) 

with components 

pt n : (x : pfn x M —> pt n x M‘ i—» (x* : A-n <8> ^c(A7) —> A n <8> , (7.1) 

where x* denotes the push-forward of compactly supported sections of the structure sheaf 
^pt xM (cf. (|5.51) 1. which exists as a consequence of the conditions 1.) and 2.) in Definition 16.61 
Because of functoriality of the push-forwards, i.e. (id ptTiX M)* = l &K n ®0 c (M) and (X ' ° x)* = 
xl ° X* as br Lemma 15.11 (iii), we have shown 

Proposition 7.1. The assignment tG c : eSLoc —> eSVec given above is a SSet-functor. 

Let M = (M,Q,E) be any object in eSLoc and pt n any object in SPt op . Making use of 
the pt n -relative differential geometry on Mj pt n , together with the pt„-relative supervielbein 
1 <8> E £ D 1 (M/pt n ,t), we can define a pt n -relative version of the pairing (13.111) by 

( • , • ) M /pt n : ( A ™ ® ^c(M)) (A n 0 —► An , 

Hi H 2 ► [ Ber(l ® E) Hi H 2 , (7.2) 

where J M / pt is the pt n -relative Berezin integral, see e.g. [ DM991 §3.10]. Explicitly, the pt n - 
relative pairing reads as 

<Ci®*i ,< 2 ®F 2 ) M/pt =(-l)^ 1 l+IC 2 |)|Ber( E )| ( _ 1) |c 2 ||DI CiC2 f B er(£) Fi F 2 

J M 

= (-1)CIC 1 |+IC 2 |) \Pm\ (-ijlCM IDI Cl C2 (Fi,F 2 ) m , (7.3) 

for all homogeneous £i, C 2 G A n and F\,F 2 £ i.e. it is given by A n -superlinear extension 

of the pairing on Here, we have moreover used that by assumption |Ber(E’)| = \Pm\■ 

Notice that (17.21) can be extended to all Hi,H 2 £ A n ® with compactly overlapping 

support. 

Lemma 7.2. Let M and M' be any two objects in eSLoc and pt n any object in SPt op . Then 
for any x £ eSLoc(Af, M')(pt n ) the following properties hold true: 

(i) X* °X* = idA„®^ c (M) an d X*°X*{H) = H, for all H £ A n <g> & C (M') such that supp (H) C 
X(M). 

(ii) {Hi,x*(H 2 )) M , /pt = (x*(Hi),H 2 ) M/pt , for all Hi £ A n <gi ff(M') and H 2 £ A n <g> 

0 C (M). 

Proof. The proof of item (i) is as in Lemma 15.11 (i). In the proof of item (ii) one follows the 
same steps as in Lemma 15.11 (ii), but uses instead of the usual transformation formula (12.251) 
its relative version for the relative Berezin integral, see [DM99 . §3.10]. □ 

7.2 Enriched properties of the super-Green’s operators 

Let us fix any enriched super-held theory according to Definition 16.151 As a consequence of Pm 
being formally super-self adjoint (cf. (I4.2[) 1 one easily checks by using (17.31) that the pt n -relative 
super-differential operator P M / p t := idA n <S> Pm ■ A n <g> 0{M) —>• A n (g> ff(M) satishes 

TuPM, rl ,m) M , ptn = (-IT 1 ™ . (7.4) 
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for any object pt n in SPt op and all homogeneous H\. H 2 £ Awith compactly overlap¬ 
ping support. The right A n -linear maps G^- /pt := idA n ® : A n (g) & C (M) —> A n <g) ff(M) 

are easily seen to be retarded/advanced super-Green’s operators for P M / pt . We also define 
G M/pt n := ^M/pt — G M/p\. : A n ®0 c (M) — >• A n ®0 sc (M). Our statements in Subsection E21 
easily generalize to the pt n -relative setting since all the proofs are algebraic and only use the 
properties of super-Green’s operators. We summarize without repeating the proofs the main 
properties which are used in the next subsections. 


Lemma 7.3. (i) Let M be any object in eSLoc and pt n any object in SPt op . Then 




M /pG' / M/pt„ 
for all homogeneous H \, H 2 £ A n <g) 


M/ pt„ 


(7.5) 


(ii) Let M be any object in eSLoc and pt n any object in SPt op . Then the sequence of right 
A n -linear maps 


0 -s- A n <8> 0 C (M) - - '"A A n ® (M) 


GM/pt r 


»A n ®@ sc {M) 


Ai’/pty; 


(~<± 


= A* ° G M'/ P t n 0 A* 


■> A n ( 8 > 0 SC {M) 
(7.6) 


is a complex which is exact everywhere. 

(in) Let pt n be any object in SPt op and x £ eSLoc(AT, AT')(pt n ). Then 


(7.7) 


7.3 The SSet-functor e£ : eSLoc —> eX 

Given any object V = (V,r) in X and any object pt n in SPt op , we can consider the object 
A n (?) V in A n -SMod and define a A n -SMod-morphism 


7pt n • (An ® V) ®A n ( A n <g) V) y A n , 

(Cl ® ^l) <g> A „ ((2®v 2 ) I—■» ( —1) IC211 ^ 11 (i(2t(vi,v 2 ) • (7.8) 

Let us now enrich the category X given in Definition 15.71 
Definition 7.4. The SSet-category eX is given by the following data: 

• The objects are all objects V = (V, r) in X. 

• For any two objects V and V' in eX, the object of morphisms from V to V' is the following 
functor eX(V, V') : SPt op —> Set: For any object pt n in SPt op we define eX(V, V')(pt n ) 
to be the set of all An-SMod-morphisms L : A n ®V —>• A n ®V' satisfying r' t o{L®\ n L) = 
r pt . For any SPt op -morphism A op : pt n —>• pt m we define the map of sets 

eX(V, F')(A op ) := A° p : eX(V, V')(pt n ) —> eX(V, V')(pt m ) , (7.9) 

where A° p is given in (16.171) . 

• The composition and identity morphisms are defined as in the SSet-category eSVec, see 
Definition 16.101 
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We can now define the SSet-functor c£ : eSLoc —>• eX as follows: To any object M in eSLoc 
we assign the object c£(M) := £{M) in eX that is given in 115.221) . To any two objects M 
and M' in eSLoc we assign the SSet-morphism c£ M M > : eSLoc(M, M') —> eX(£(M), £(M')) 
given by the natural transformation (of functors from SPt op to Set) with components 

Ptjx) : A n ® £{M) —► A n 0 £(M') , [H\ —► [ X *(H)] , (7.10) 

for all x € eSLoc(M, M')(pt n ). Notice that (17.101) is well-defined since 

X* (C ® Pm(F )) = (-1)1^1 Id x* O P M/ptn ox*ox,((® F) 

= (-l)l p -l Id X* o x* o P M , /vK o x*(C ® F ) 

= (—i)i Pjvr i Id P M , /ptn O x*(C ® F) € An ® P m >(0c(M')) , (7.11) 

where in the first and third equality we have used Lemma [7.21 (i) and in the second equality the 
commutative diagram (16.301) . Moreover, (17.101) defines an element in eX(£(lVf), £(M'))(pt n ) 
because of the equality 


tm/ p ,„ ([ft], [ft]) = (C M/ p«„(ft), ft} M/ptn . (7.12) 

for all [Hi], [H 2 ] € A n <g>£(AT) and all objects AT in eSLoc, from which it follows that t m >/ pt o 
pt„(x) pt n (x)) = r M/pt n , for all x G eSLoc(M, M')(ptJ; indeed, 

T M'/ P t n \x.m]) = (Gm’I pt n °X*(#i),X*(#2)) M , /pt 

"(VoGMV^ox.fifO.ft)^ 

= <G M /p,„(ft), ft) M/pti> = ([ft], [ft]) , (7.13) 

for all [Hi], [H 2 ] € A n ® £(M), where in the second equality we have used Lemma [7.21 (ii) and 
in the third equality Lemma 17.31 (iii). In summary, we have shown 

Proposition 7.5. The assignment e£ : eSLoc eX given above is a SSet-functor. 

We finish this subsection by observing that the SSet-functor e£ : eSLoc —> eX satisfies an 
enriched version of the properties in Theorem 15.91 for ordinary super-held theories, which can 
be proven in exactly the same way: 

Theorem 7.6. For any enriched super-field theory according to Definition \fTT5] the associated 
SSet-functor c£ : eSLoc — > eX satisfies the following properties, for all objects pt n in SPt op : 

• Enriched locality: For any x G eSLoc(M,M')(pt n ), we have that (t£ M M ') pt n (x) G 
eX(£(M),£(M')){pt n ) is monic. 

• Enriched super-causality: Given x 1 G eSLoc(M"i, AL)(pt n ) and\ 2 G eSLoc(AT 2 , AT)(pt n ), 

such that the images of the reduced otLor -morphisms AT 1 —> AT < — AT 2 are causally 
disjoint, then 

t m/ P t„ ((e£Mi,M)pt n (xi)(An ® £(ATi)), (e£ M2 ,M)pt n (X 2 )(An ® £(M 2 ))) = {0} . 

(7.14) 


• Enriched time-slice axiom: Given any x G eSLoc(M", AT')($>t n ) such that x '■ AT —> AT' 
is Cauchy, then (c£m,m') pt n (x) G eX(£(AT),£(M" / ))(pt n ) is an isomorphism. 
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7.4 The SSet-quantization functor cH : eX —> eS*Alg 

We define an enriched version of the category S*Alg using “extension of scalars” for algebras 
(cf. [Bou891 Chapter III.1.5] for the general concept) and adapt the results obtained in Sub¬ 
section [O] to the category of super-*-algebras. For this let us denote by A)) := A n <8 C the 
complexification of the Grassmann algebra, for all n € N°, and notice that A^ is an object 
in S*Alg when equipped with the superinvolution * := id An <8 “ : A^ —>• A^. We shall denote 
the product in A^ by and the unit by rf~. Let A and A' be any two objects in S*Alg and 
pt n any object in SPt op . A S*Alg-morphism k : A^ <8c A —> A^ <8c A' is called a A ^-relative 
S*Alg -morphism (in short A“-S*Alg-rnorphisrn) provided that 1) = C®cl for all C € A^, 

i.e. k is A n -superlinear. Notice that the identity id A <cg, cA is a A s ( - S * A Ig-morphism and that 
any two A^-S*Alg-rnorphisrns k : A^ <8c A — > (8c A' and k' : A^ <8c A' —> A^ <8c A" can be 
composed, i.e. k! o k : A^ (8c A — >• A^ (8c A" is a A)(-S*Alg-morphism. In analogy to Lemma 
16.81 the A„-S*Alg-morphisms k : A„ 8>c A —>■ A„ 8>c A' can be easily characterized. 

Lemma 7.7. Let A and A' be any two objects in S*Alg and pt n any object in SPt op . Then the 
map 


7 P t n : Hom A c. s * A | g (A^ 8>c A, A^ ®c A') —» Hom s » A | g (A, A^ (8c A') , 

(k : A^ < 8 c A —> Ag ( 8 c A ) i—> (ac o ( 77 ^ < 8 c id.^ 4 ) : A —> A ^ < 8 c A ) (7.15) 

is a bijection of sets. 

Given any two objects A and A' in S*Alg and any SPt op -morphism A op : pt n —> pt m (i.e. a 
SPt-morphism A : pt m —A pt n ) we can define a map of sets 

Hom s * A | g (A, A^ <8c A') —> Hom s * A | g (A, A^ <8 C A') , V '—■> (A* <8c hU') ° V , (7.16) 

where the extension of A* : A n —A A m to the complexihcations is implicitly understood. Using 
also Lemma 17771 we obtain a map of sets 

A° p : Hom A c_ s * A | g (A^ (8c A, A^ <8c A') —> Hom A c _ s » A | g (A^ <8c A, A^ 8> c A') , 

« 1 —* Api (0* ®C id A') o 7pt„(«)) • (7.17) 

The following properties can be easily derived from (17.1711 . We therefore can omit the proof. 

Lemma 7.8. (i) For any identity SPt op -morphism A op = id ptn : pt n —> pt n the map A° p is 

the identity. For any two SPt op -morphisms A op : pt n —> pt m and A ,op : pt m —A pt; we 
have that (A' op o op A op )* = A* op o A° p . 

(ii) A° p preserves identities and compositions, i.e. 

A° p (id A c 0cA ) = id A c 0cA , A° p (k' o «) = A° p (rc') o A° p (k) , (7.18) 

for all objects A in S*Alg and all A^-S* Mg-morphisms k : A)“ <8c A —>• A^ (8c A' and 
k ' : A^ (8 C A' -> A^ 8> c A". 

(Hi) A° p preserves isomorphisms, i.e. k : A^ <8c A —> A)) (8c A' is a A^-S* Mg-isomorphism if 
and only if X° p (n) : Aj^ <8c A —> Aj^ 8>c A' is a A^-S* A\g-isomorphism. 

With these preparations we can now define the SSet-category eS*Alg. 

Definition 7.9. The SSet-category eS*Alg is given by the following data: 

• The objects are all objects A in S*Alg. 
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• For any two objects A and A! in eS*Alg, the object of morphisms from A to A! is given by 
the following functor eS*Alg(A, A') : SPt op —>• Set: For any object pt n in SPt op we define 
eS*Alg(A, A')(pt n ) to be the set of all A^-S*Alg-morphisms n : Aj^ (8c A —* A^ 8>c A!. For 
any SPt op -morphism A op : pt n —» pt m we define the map of sets 

eS*Alg(A, A')(A op ) := A° p : eS*Alg(A, A')(pt n ) —► eS*Alg(A, A')(pt m ) , (7.19) 

where A° p is given in (17.171) . 

• For any three objects A, A' and A" in eS*Alg, we define the composition morphism 
• : eS*Alg(A', A") x eS*Alg(A, A') —> eS*Alg(A, A”) to be the natural transformation 
with components 

• P t n := o : eS*Alg(A', A")(pt n ) x eS*Alg(A, A')(ptJ —► eS*Alg(A, A")(pt n ) , (7.20) 

where o is the composition of A)(-S*Alg-morphisms. 

• For any object A in eS*Alg, we define the identity on A morphism 1 : 3 —> eS*Alg(A, A) 
to be the natural transformation with components 

lpt n : Pt = 3(pt n ) —> eS*Alg(A, A)(pt n ) , * '—> id A c 0cA , (7.21) 

where id A C(g, cA is the identity A)(-S * AI g-morphism. 

The quantization SSet-functor cQ : eX —> eS*Alg is constructed as follows: To any object 
V in eX we assign the object c£2(V) := £2(V) in eS*Alg that has been constructed in (15.341) . 
To any two objects V and V' in eX we assign the SSet-morphism cQv\v' : eX( V, V) —>• 
eS*Alg(£j(V), £2(V / )) given by the natural transformation (of functors from SPt op to Set) with 
components 

(e£Jv,v')pt„ : {L '■ ^-n <8> V —> A n (8 V ((c£l^ ,v’)pt n (L) : A^ (8c £2(^0 -^-n £2(^0) > 

(7.22) 

where (e£2y,v')pt (L) is the Aj(-S*Alg-morphism which is specified by defining on the gen¬ 
erators (c£lv,v')pt n (L)(( <8c v) := T(C <8 v), for all v £ V and ( £ A n . It remains to 
show that (e£2y v') P t (A) is well-defined, i.e. that it preserves the two-sided super-*-ideals 
(15.321) . Written in terms of the tensor product superalgebra A^ C8c 7c(V) the super-canonical 
(anti)commutation relation super-*-ideal is generated by the elements 

m w 2 + (-l) dim ( 5 ) +1 (-ijl^il \ w ^iu 2 iv 1 - / g Tp t n (w 1 ,iu 2 ) (8c 1 , (7.23) 

for all homogeneous w\,w 2 £ A n ®V. Using now that by definition of eX, r' t o(L(8 Ari A) = T p t n , 
we obtain that (efly y/) p t n (A) is a well-defined A^-S*Alg-morphism. By direct inspection one 
further observes that elly y is compatible with composition and identity. We therefore have 
shown 

Proposition 7.10. The assignment e£2 : eX —> eS*Alg given above is a SSet -functor. 

7.5 The enriched locally covariant quantum field theory c2l : eSLoc —> eS*Alg 

Recalling Remark IA.41 we can compose the two SSet-functors c£ : eSLoc —>• eX and cQ : eX -A 
eS*Alg in order to define the SSet-functor 

c2l := cQ o e£ : eSLoc —> eS*Alg . (7.24) 

By using the same arguments as in the proof of Theorem l5.111 the results of Theorem 17.61 imply 
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Theorem 7.11. For any enriched super-field theory according to Definition \6. 15\ the associated 
SSet -functor c2l : eSLoc —> eS*Alg satisfies the following properties, for all objects pt n in SPt op ; 

• Enriched locality: For any x £ eSLoc(AT, M')(pt n ), we have that (c2tM,M')pt n (x) £ 
eS*Alg(2l(AT), 2l(AT'))(pt n ) is monic. 

• Enriched super-causality: Given x 1 € eSLoc(ATi, AT)(pt n ) andx'i £ eSLoc(AT 2 , M)(pt n ), 

such that the images of the reduced otLor -morphisms M\ M M 2 are causally 
disjoint, then 

Ai A 2 + (-l) dim ( 5 ) +1 (—1)1^1 l A2 l A 2 A 1 = 0, (7.25) 

for all homogeneous A\ G (c2ljvfi,Af) P t„(xi)(A^ 2l(ATi)) C <g>c 21 (M) and A 2 G 
(c2l M2 .M) ptri (X2)(A^ <8>c a(Af 2 ))' C AC 2l(M). 

• Enriched time-slice axiom: Given any x € eSLoc(AT, AT'^ptyJ such that x ■ AT —>• M' 
is Cauchy, then (e2l M ,M') P t„(x) £ eS*Alg(2l(AT),2I(AT / ))(pt n ) is an isomorphism. 

We conclude this section by showing that the SSet-functor c2l has an enriched locally 
covariant quantum field given by a SSet-natural transformation (cf. Definition IA.5D $ : t& c =£- 
c2l of SSet-functors from eSLoc to eSVec, where c2l is implicitly understood to be composed with 
the forgetful SSet-functor eS*Alg —>• eSVec. We assign to every object M in eSLoc the SSet- 
morphisnr <f>M : 3 —)• eSVec(^ c (AT), 2l(AT)) given by the natural transformation (of functors 
from SPt op to Set) with components 

(^M)pt„ : Pt = 3(pt n ) —> eSVec(^ c (M),2l(M))(ptJ , 

* 1 —* ($M) P t n (*) =: $m/ P t„ (7.26a) 

given by the A n -SMod-morphisms 

$M/ P t n : K® 0 C (M) —> AC® c 21(M) , C ® T ► C [F] . (7.26b) 

Notice that the diagram in Definition IA.5I commutes, i.e. 

®M'/ pt„ *pt„ ( f ^cM,M' ) P t„(x) — ( c 2lM,M')pt n (x) # pt n ^M/pt n ? (7.27) 

for all x £ eSLoc(AT, AT')(pt n ) and all objects pt n in SPt op . In complete analogy to the 
ordinary case discussed in Subsection 15.51 we obtain that 

<S>M/ P t n {PM, P t n (H)) = 0 , (7.28) 

for all H £ A n <g> all objects M in eSLoc and all objects pt n in SPt op , as well as the 

super-canonical (anti)commutation relations 

3>M/ P t n ( H i)®M/ P t n ( H 2) + (-1)1^11^1 ^M/ptJ^j^M/ptJ^r) = , 

(7.29) 

for all homogeneous Fd\,H 2 £ A„8 €7 C (AT), all objects M in eSLoc and all objects pt n in 
SPt op . 

In contrast to the ordinary case discussed in Remark 15.131 the even and odd component 
quantum fields do not form natural transformations in our enriched setting. The reason for this 
is that the push-forward (f^cM,M') P t„(x) = X* : A n <S> 0 C (M) —> A n <S> fffiM') along a generic 
X € eSLoc(AT, AT / )(pt n ) does not restrict to a A n -SMod-morphism A n <g> €?f vcn / odd (M) —> A n (g> 
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&%v eiL / odd (M'). In fact, the push-forward of a homogeneous element G A n ®> ^c VCU/odd (AT) 

schematically reads as 

X*(l ®F) = , (7.30) 

i 

where {C J G A n } is any adapted basis for A n and Fj G & C {M') is of ^-parity |F/| = |F| — 
|£/| mod 2. Hence, if there is a non-vanishing coefficient Fj for some odd , then we can not 
restrict x* to a A n -SMod-morphism A n ® —> A n ® ^ ven / odd (j^/)_ Those x with 

this property can be identified with supersymmetry transformations, see Section [8] for some 
illustrating examples. In summary, our formalism implies that (as expected) supersymmetry 
transformations prevent the even and odd component quantum fields to be enriched natural 
transformations. 

Remark 7.12. We would like to emphasize that the presence of the supersymmetry trans¬ 
formations is due to the enrichment of the involved categories over SSet. The morphism 
X G eSLoc(AT, M')(pt n ) C HomsMan/pt n (A7/pt ri , M'/pt n ) appearing in 117.301) respects Z 2 - 
parity by definition. However, due to the presence of odd sections of the structure sheaf A n of 
pt n , the action of x* need not preserve the splittings ^ C (MW) = ^® ven (AfW) © of 

the second tensor factor. Moreover, these odd parameters appearing in the structure sheaf A n of 
pt n are exactly the odd quantities used in the physics literature to parametrize supersymmetry 
transformations. 

Remark 7.13. We note that our enriched super-QFT e2l : eSLoc — > eS*Alg cannot be 
restricted to its even par1@ c2to (cf. Remark 15.121 for such a construction for the ordinary 
super-QFT 21 : SLoc — > S*Alg): Recall that the SSet-morphism c2t m,m’ '■ eSLoc(AT, M') —> 
eS*Alg(c2l(AT), e2l(AT / )) is a natural transformation (of functors from SPt op to Set) whose 
components ,M')pt n assign to elements x £ eSLoc(Al", AT')(pt n ) certain super-*-algebra 

morphisms (e2t M,M') P t„(x) : c2t(AT) —>■ A^ ®c e2t(AT / ). If now x corresponds to a 

supersymmetry transformation, i.e. it is like in (17.301) with a non-vanishing coefficient Fj for 
some odd C 1 , then (c2l M,M')pt n (x) does not map A^ ®c c2lo(AT) to A^ <S>c c2lo(AT / ); indeed, 
a supersymmetry transformation “maps an element of the even component e2lo(AT) to some 
element of the odd component c2ti(AT / )”. The fact that the even (i.e. true) observables in 
a supergeometric quantum field theory do not carry a representation of the supersymmetry 
transformations is however not problematic from the physical point of view. Supersymmetry 
and supergeometry are meant to serve as a selection criterion for quantum field theories by de¬ 
manding that only a limited collection of observables, such as for example the action functional 
and quantities derived from it, transform covariantly under supersymmetry transformations. 

8 Examples 

8.1 111-dimensions 

As our first example we shall study a super-field theory in 1| 1-dimensions, i.e. a superparticle. 
For defining this theory we have to provide all the data listed in Definition 14.21 

Representation theoretic data: We take W = M together with the standard 1-dinrensional 
(Lorentz) metric 


g \W ®W 


, W\ ® IV2 


W\W2 ■ 


We would like to thank the anonymous referee for suggesting this question to us. 


( 8 . 1 ) 
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The corresponding spin group is Spin(W, g) — {+1, —1} and we take S = R the 1-dinrensional 
spin representation 


p S : Spin(W, g) x S —> S , (z, s ) i—» 2 s . (8-2) 

Notice that p" : Spin(W, g) xW —> W , (z, w) 1 —)• w is the trivial representation. As T we shall 

take the following Spin(W, ^)-equivariant symmetric pairing 

T : S <& S —> W , si <g> S 2 1 —* S 1 S 2 • (8.3) 

As positive cone we take C := R + C W and we notice that T(s,s) £ C, for all s £ S, and 

T(s, s) = 0 only for s = 0. For e we take 

e : S < 8 > S —> R , si < 8 > s 2 '—» S 1 S 2 (8-4) 

and we notice that it is symmetric and Spin(kF, < 7 )-invariant. We define orientations on W and 
S by using the normalized standard bases p = 1 £ W = R and q = 1 £ S = R. In Ill- 
dimensions, the super-Poincare super-Lie algebra coincides with the supertranslation super-Lie 
algebra (since spin is trivial), and we obtain for the super-Lie bracket relations in the normalized 
adapted basis {p, q} for sp = t = W © S 

\P,P\= 0, \p,q]=0, [q,q\=-2p. (8.5) 

The objects in ghSCart: Let us characterize explicitly the objects in the category ghSCart for 
the case of 1| 1-dimensions. To simplify our studies we shall further demand that the underlying 
topological spaces are connected, which is also physically reasonable as they describe a time 
interval. Given any such object M = (M, G, E) we first notice that G = 0 since spin is trivial 
in 111-dimensions. Moreover, the reduced 1-dimensional manifold M is diffeomorphic to the 
real line R as the reduced Lorentz manifold M is assumed to be globally hyperbolic. The 
structure sheaf &m is isomorphic to C ® /\* R and the supervielbein can be expanded as 

E = (7 dt + a 6 d0) <g> p + (<5 d0 + (3 9 dt) <S> q , ( 8 . 6 ) 

where a,P,j,5 £ (^“(R) are coefficient functions and t,0 £ &(M) are any global even/odd 
coordinate functions. As E is by assumption non-degenerate, the functions 7 and 5 have to be 
invertible and we may choose new coordinates (denoted with abuse of notation by the same 
symbols) t £ (to,ti) C R and 6, such that 

E = (dt + a 6 d 6) ® p + (d# + /3 0 dt) <g> q , (8.7) 

where now a,/3 £ C°°(to,ti). Coordinate functions in which E takes the form (18.71) are called 
geometric coordinates. The supercurvature Rm = 0 vanishes in 111-dimensions and the super¬ 
torsion is given by 

Tm = d!7 = (dta 0 dt A d0 + a dd A d0) < 8 > p + (/3 d0 A dt) <g> q , (8.8) 

where dta denotes the time derivative of a. The pairing (13.111) reads as 

(F\ ■ F 2 ) m = f 1 dt (A h 2 + ht / 2 ) , (8.9) 

■h Q 

where we have used the expansion F = / + 9 h £ 0(M) with /, h £ C°°(to, t\). 


42 




Super-differential operators: Using the dual superderivations 

X = d t -P6de, D = dg + a6d t (8.10) 

corresponding to E, we define an odd super-differential operator 

P M := X o D : 0(M) —>■ ff(M) , F = f + Oh i —> d t h + 0 d t {ad t f) -0a/3d t f . (8.11) 

Notice that due to the last term in (18.111) . the super-differential operator Pm is i.g. not formally 
super-self adjoint with respect to the pairing (18.91) . If however j3 = 0, then Pm is formally 
super-self adjoint. Comparing with (18.8p . the constraint /3 = 0 can be regarded as a supertorsion 
constraint which demands that the odd part of the supertorsion vanishes. Such constraints also 
appear in supergravity, see e.g. [WZ771 Eqns. (10) and (11)]. 

The category SLoc: We define a full category SLoc of ghSCart by the conditions that 1.) the 
underlying topological spaces are connected and 2.) all supergravity supertorsion constraints 
given in [ WZ771 Eqns. (10) and (11)] hold true, which implies that f3 = 0 and that a is a constant 
which we fix to a = 1. Then the admissible super-Cartan super manifolds M = (M, Q = 0,E) 
are such that M = (to,ti) U R is an open interval (or R itself) and 

E = (dt + 0 d0) (g> p + dO <g> q (8.12) 

in geometric coordinates. The morphisms in SLoc can be explicitly characterized: Let M and 
M' be any two objects in SLoc. A SMan-morphism y '■ M —> M' is specified by its action on 
the (geometric) coordinates t',0' £ which we can parametrize by the ansatz 

= x *(0 r ) = b(t)0 , (8.13) 

where a, b £ C'°°(to,ti). In order to qualify as a SLoc-morphism, y has to preserve the super- 
vielbeins 

X*(E r ) = (da(f) + 6(f) 2 Odd) + d(b(t) O') <g) q = E = (dt + 6 d 0) (g> p + dO <S> q , (8.14) 

which implies that a(t) = t + c, with c £ R, and 6(f) = 1. Furthermore, for the reduced 
morphism y : M = (fo,fi) —> M’ = to exist, the constant c £ R has to be such that 

(to + c, ti + c) C (Iq, tj), i.e. to — to < c < t\ — t\. For a generic F' = + O' h'(t') £ ff(M'), 

we have that 

X *(F') = f\t + c) + 0 h'{t + c) £ G{M) , (8.15) 

hence y : M —> M' describes a translation by c. It then follows automatically that such 
y : M —> M' are morphisms in ghSCart (and hence in SLoc), i.e. they satisfy the additional 
conditions imposed in Definitions 13.61 and 13.101 

The natural transformation P : G => G: So far we have established the first two points 
in the Definition 14.21 of a super-field theory. It remains to show that (18.111) are the components 
of a natural transformation of formally super-self adjoint and super-Green’s hyperbolic super¬ 
differential operators. For any object M in SLoc the super-differential operator (18.111) takes 
the form 


Pm(F) = d t h + 0d 2 t f , (8.16) 

for all F = f + Oh £ from which it is clear that it is formally super-self adjoint and 

super-Green’s hyperbolic with super-Green’s operators given by 

GUF) = G± ? (h) + 0G±(f) , (8.17) 
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for all F = f + 9 h £ 0 C {M), where G± 2 and Gg t denote the retarded/advanced Green’s 

operators for the component differential operators df and dt, respectively. The super-differential 
operators (18.1611 are the components of a natural transformation since they are translation 
invariant, hence we have constructed an example of a super-field theory according to Definition 
14.21 Applying Theorem 15. 11 1 we further obtain a super-QFT, which in the 111-dimensional case 
describes a quantized superparticle. 

Enriched super-field theory: We shall now show that the super-held theory defined above 
is also an enriched super-held theory according to Definition 16.151 Let us take any two ob¬ 
jects M and M' in SLoc op and any object pt n in SPt op . We characterize explicitly the set 
eSLoc op (M"', M")(pt n ). Any SMan /pt n -morphism y : M/pt n — > M' / pt n is specihed by its ac¬ 
tion on the (geometric) coordinates 1 (g> t', 1 <g> O' £ A n <8> which we can parametrize by 

the ansatz 


X*(l(g )t')= 22 C 7 G>a/(t) + 22 C Z , (8.18a) 

I even I odd 

x*(l ®Q')= 22 ^ ® c/(t) 0 + 22 C 1 ® hi 1 ) > (8.18b) 

I even I odd 

where C 1 is any adapted basis for the super-vector space underlying the Grassmann algebra A n 
and aj , bj , cj,dj £ C°°{to-, t\). For x £ eSLoc op (AT / , M)(pt n ) it has to preserve the pt n -relative 
supervielbeins, i.e. y*(l <S> E') = 1 ® E. The odd part of this condition reads as 

X*(l®d0') = (id A „®d)(x*(l®0')) 

= '22 ^ ® d(c/(i) 0) + 22 C 7 © d(dj (f)) = 1 ® d0 , (8.19) 

I even I odd 

and it implies that x*(l <8> O') = 1 © 0 + ( <8> 1, for some odd element ( £ A n . Using this result, 
the even part of the above condition reads as 

X* (1 ® (dt' + O' d 0')) = (id An (8) d) (x* (1 © t')) + X * (1 ® O') (id An © d) (x* (1 © 0')) 

= 22 C 7 ®d( a/ (t)) + c 7 © d(5/(f) 0) + 1 (8> 6 dO + C ® dO 

I even I odd 

= l®(dt + 0d0), (8.20) 

which implies that y*(l (8> t') = 1 <8) (t + c) — C © 0. As in the ordinary case, the constant c £ R 
has to satisfy t' 0 — to < c < t\ — t,\ for the reduced morphism x '■ Af = (to, ti) —> M' = (t' {) . t\ ) 
to exist. Hence, we have shown that 

eSLoc op (M', M)(pt n ) ~ {c £ R : t' Q — to < c < t[ — ti} x (A n )i , (8.21) 

where (A n )i is the odd part of the Grassmann algebra A n = (A n )o © (A n )i. In particular, 
the pt n -relative automorphisms eSLoc op (ilT, M)( pt n ) are in bijective correspondence with R x 
(A n )i if M = R and with (A n )i if M C R is a proper interval. These pt n -relative automorphisms 
describe ordinary and supertranslations. For a generic F' = f(t') + O' h{t') £ ff(M'), we have 
that 

X*(l <8> F') = 10 (/'(t + c) + 0 h'(t + c)) + ( © (h'(t + c) - 0 d t f'(t + c)) , (8.22) 

which reproduces the usual supersymmetry transformations. The diagram (16.300 commutes, 
since using (18.221) one can easily compute that 

X*^®P M ’iF')) = (id An ©P M )(x*(l®* 1 ')) , (8.23) 
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for all F' £ ff(M'). We remind the reader that (idA n (g>T > M)(C®A 1 ) = (—1 )KII p mI (®Pm(F), for 
all homogeneous ( £ A n and F £ 0(M). As a consequence, we have constructed an enriched 
super-field theory according to Definition 16.151 Applying Theorem 17.111 we further obtain an 
enriched super-QFT, which in the 111-dimensional case describes a quantized superparticle 
together with its supersymmetry transformations. 

Supersymmetry transformations in the enriched super-QFT: In order to illustrate 
the structure of supersymmetry transformations let us fix any object M in SLoc. The SSet- 
functor c2t : eSLoc —>• eS*Alg studied in Theorem 17.111 provides us with a superalgebra of 
observables 21 (M) and a SSet-morphism c21m,m : eSLoc(AT,AT) —> eS*Alg(2t(AT), 2l(AT)) 
which describes the enriched automorphism group of 2l(IW). Using (18.211) and focusing only 
on the odd part given by (A n )i (i.e. proper supersymmetry transformations), we obtain the 
A^-S*Alg-automorphisms (e2lM,M)pt„(x) : A^<g)c2l(AT) —> Aj^ <8>c2l(Af), for any object pt n in 
SPt op , which can be parametrized by the odd elements £ £ (A„)i. Explicitly, on the generators 
$>M/ p t n (l <8> F) = 1 <8>c [F] Ajj ®c 2l(A 1), with F £ these A^-S*Alg-automorphisms 

act as 

(c2lM,M)pt rl (x)( < J > M/pt n (l ®F)) = d’M/ptJl ® F) - $M/pt n (( ® Q{F)) 

= $m/ P t„(l ® F) - (C <8>c 1) $m/ P t„(l ® Q(F)) , (8.24) 

where Q := de — 6 dt is the generator of supersymmetry transformations and £ £ (A n )i. On the 
superalgebra of observables 21 (AT) itself, these A(( - S * AI g- aut orrior p hisrris can be understood as 
an odd superderivation Q : 21 (M) —>■ 21 (M): On the generators 4 'm(F) = [F] £ 21 (M), with 
F £ the superderivation Q reads as 

Q{$m(F)) = -$ m (Q(F)) (8.25a) 

and it satisfies the superderivation property 

Q{Qm(F. i) 4> m (F 2 )) = g($Af (i^i)) ^m^) + (-l) |Fl1 $m(*i) , (8.25b) 

for all homogeneous Fi,F 2 £ as a consequence of (c2ljvf.M)pt, *(x) being a A^-S*Alg- 

morphism. We may decompose into its component quantum fields (careful: neither ip m 

nor (pM are natural in the enriched setting) via 

4 > m(A 1 ) = ipMif) + 4>M{h) , (8.26) 

for all F = f + 6 h £ ff c (M). from which we recover the usual supersymmetry transformations 

)) = <j>M(dtf) , Q((j>M(h)) = -ipM(h) , (8.27) 

for all /, h £ C'°°(toUi). 

8.2 312-dimensions 

Our second example is the free Wess-Zumino model in 312-dimensions. There are two reasons 
why we prefer to analyse this toy-model instead of the physically more relevant Wess-Zumino 
model in 414-dimensions: First, in 312-dimensions there are only 2 odd dimensions (instead 
of 4 in 414-dimensions), which considerably simplifies the component analysis of the super- 
Cartan structures and superfields discussed below. Second, the Wess-Zumino model in 414- 
dimensions requires a chirality constraint, the implementation of which would lead to additional 
technical/computational complications that we would like to postpone to future work. 

We provide all the data listed in Definition 14.21 
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Representation theoretic data: We take W = R 3 together with the standard Lorentz 
metric g = diag(l, —1, —1). The corresponding spin group is Spin(W, g) — SL(2,R) and we 
take p s : Spin (IT, g) x S —>• S the defining representation of SL(2,R) on 5 = R 2 . Notice 
that SL(2,R) is the two-fold cover of the identity component SOo(l,2) of the special pseudo- 
orthogonal group and that p" : Spin(W, g) x W —> W is given by composing the covering map 
with the defining representation of SOo(l,2). 

The standard basis {p Q } of W = R 3 , with a = 0,1,2, is an orthonormal basis of (W,g). 
We denote the metric coefficients in this basis by g a p := g(p a -/Pp) and the coefficients of the 
inverse metric in the dual basis {p Q } by g a @. Elements w € W will be indicated by w = w a p a , 
with summation over repeated indices understood. For the coefficients of the dual vector 
g(w, •) = w a g a ppP € W* we shall also write wp = w a g a p. Notice that w a = wpg^ a . The 
choice of basis {p a } fixes an orientation on W. 

The representation p s induces up to SL(2, R)-equivalence a unique representation of the 
Clifford algebra Cl (W,g) in terms of purely imaginary matrices 7 a , with a = 0 , 1 , 2 , on the 
complexification Sc of S. These matrices thus satisfy the Clifford relations 


la Ip + 7/3 la = 2 g a p id Sc . 


(8.28) 


Furthermore, there exists a charge conjugation matrix C which satisfies 

C T = —C , 7a = -C7a C -1 , 


(8.29) 


where T denotes matrix transposition. A possible representation is given in terms of the Pauli 
matrices by 70 = 07 , 71 = i cr \, 72 = i 07 and C = 70 . We define the antisymmetrized product 


1 


lap ■= 77 ( lalp-lpla ) 


(8.30) 


and note the identities 

(7a C” 1 ) 7 = 7a C" 1 


{lap c X ) 1 = lap c 1 , Tr( 7 a ) = Tr (7 a p) = 0 


1 , 


1 , 


lap = i e a ps i , L = - Tr(L) id 5c + Tr(L 7 a ) 7 ° , 


(8.31a) 
(8.31b) 

where e a pp is totally antisymmetric with eoi 2 = 1 and L is an arbitrary endomorphism of Sc- 
As the pairing T we shall take 

T:S®S^W, (s l ,i a C- 1 s 2 ) Pa , (8.32) 


where (•, •) is the standard inner product on S = M 2 . (Notice that 7“ C” 1 is a real matrix.) 
The pairing T is symmetric, Spin(W, p)-equivariant and positive with respect to the forward 
light cone C = {w £ W : g(w , w) > 0 and w° > 0}. For e we take 

e : S <8> S —» R , si (8> s 2 1 —> (si, i C~ 1 S2) , ( 8 . 33 ) 


which is Spin(l-T. p)-invariant, antisymmetric and non-degenerate. We choose a symplectic basis 
{q a } of S = R 2 , with a = 1,2, and use the index notation e a b := e(q a ,qb) with eu = —£21 = 1- 
We further set e ab := e a b for the coefficients of the symplectic structure on the dual vector space 
S* in the dual basis {q a } and notice that e ab £b c = — Elements s £ S will be indicated by 
s = s a q a , with summation over repeated indices understood. For the coefficients of the dual 
spinor e(s, ■) = s a e a bq b G S* we shall also write = s a e a b- Notice that s a = Sb£ ab - The 
choice of basis {<? a } fixes an orientation on S. The two pairings T and e read in our bases as 

r(si,s 2 ) = -SiS&lZbPa , e(si,s 2 ) = SiS b 2 e a b ■ (8.34) 
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In order to state explicitly the super-Lie bracket relations in the super-Poincare super-Lie 
algebra sp = (spin © W) © S corresponding to this choice of data, we recall that the Lie algebra 
spin may be spanned by generators L a p = —Lp a , with a, fi = 0,1,2, and that the Lie algebra 
actions induced by p n and p s read as 


pY ■ spin © W —> W , L a p © p 7 i—> g ai pp - gp, y p a , (8.35a) 

pf : spin © S —> S , L a p © q a i—■> )pa0a Qb ■ (8.35b) 

Thus, the super-Lie bracket relations in sp read in the adapted basis {p a ,Qa} as 

[T'a/ 3i k- / 'y<5] — ff/37 ^aS T <7ck5 ^-'P'y Pa-y Lp§ gpp L a ^ , (8.36a) 

[-^a/3j P~f\ 9ayVp dft'yPa j Qa\ ~^ a P a 9b ’ (8.36b) 

\Pa,Pp] = \Pa,q a \ = 0 , [q a ,qb] = ‘2i'labPa • (8.36c) 


The objects in ghSCart: We characterize explicitly the objects M = ( M,Q,E ) in the cate¬ 
gory ghSCart for the case of 312-dimensions under the following simplifying assumptions: As in 
the 111-dimensional case, we assume that the underlying topological spaces M are connected 
and furthermore that the structure sheaf 6m is globally isomorphic to C~ © /\*R 2 . Due to 
the latter assumption, there exist global odd coordinate functions 9 a , with a = 1,2, and we set 
(with abuse of notation) 

e 2 ,=-e ab e a e b =-2 e l e 2 . ( 8 . 37 ) 


Notice that 

e a e b = ~e ab 9 2 . (8.38) 

The most general even supervielbein E = e a (&p a -\-£ t a ®q a £ D 1 (M, t) (summation over repeated 
indices understood) is given by 

e“ = (V + jp a j ) - d 9 b C 9 C , (8.39a) 

£ a = eP lp b a 9 b + d 9 b ( 5 b a + V 6 -pj , (8.39b) 

where E = e a ®p a is the vielbein on the reduced Lorentz manifold M and jp a , h bc , lp b a ,k b a £ 

C°°(M ) are coefficient functions. Notice that we have chosen the odd coordinates 9 b in such 
a way that the coefficient of d 9 b in £ a has a very simple form. This is always possible due 
to the assumption of non-degeneracy of E. Similar to the 111-dimensional case, we call such 
odd coordinates geometric coordinates. We introduce the dual Lorentz vielbein e a by the 
duality condition ( e a ,e /3 ) = S a 13 and the dual superderivations d a by (d a ,d9 b ) = 5 a b . Notice 
that (d a ,e a ) = (e a ,d 9 a ) = 0. Using these dual superderivations, we can write the inverse 
supervielbein as 

e a = (sj + Jj^jep- l a b 9 C d b , with jJ := -jj + l a b c , (8.40a) 

& = h P ab 9 b ep + U b + K b 9 -^j d b , with K b := -k b - h^lp b . (8.40b) 
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The duality relations (e a ,e^) = 5oP, (Caj? 6 ) = <5 a b and (£ a ,e“) = (e a ,£ a ) = 0 hold true. For 
the super-spin connection, the most general even fl £ spin) can be expanded as 

n = ^ ^ Q + A Q yj +de a (^ ab e b , (8.4i) 

where w a , Aq,, (j} a i, £ C°°(M, spin) are coefficient functions with values in the Lie algebra spin. 

The category SLoc: We define a full subcategory SLoc of ghSCart by the conditions that 1.) 
the underlying topological spaces are connected, 2.) the structure sheaves are globally isomor¬ 
phic to C~ ® /\* M 2 and 3.) the supergravity supertorsion constraints given in |WZ77l Eqns. 
(10) and (11)] hold true. In order to discuss the latter constraints, we consider an arbitrary 
(local) coordinate system on M, with p, = 0,1,2, and use the notation X M for the combined 
super-coordinate system { x0 m }, where 0 m are global geometric odd coordinates. (With abuse 
of notation we will denote the indices on X M by the same symbol as the super manifold.) We set 
\M\ := \X M \ for the ^-parity of X M . Analogously, we use the notation Pa for the combined 
generators {p a ,Qa} of the supertranslation super-Lie algebra t = W ® S and set |A| := \Pa\- 
Consequently, we can expand the supervielbein as E = E A <g) P A = dX RI E^ <g) P A and its 
inverse as E A = E A d M . Using this notation, we may expand and compute the supertorsion 

m 

Tm = T A <g> Pa = A E c T bc a <gi Pa , (8.42a) 


where 

T BC A = (-1) |M| Eg (d N E a - (-1)1^1 d M E a ) + n BC A - (-l)l fl l Wq cb a , 

(8.42b) 

and 

n A. = U E C’ n B A ) > if (A,B) = (a,P) or (A, B) = (o, 6) , (g 42c) 

CB |0 , otherwise . 

Here, f log and fl a b are defined, for arbitrary w = w a p a £ W and s = s a q a £ S, as 

pjf(n <8> w) =: w a ft,/ ® pp , pf (H <g> s) =: s a <g> qb . (8.43) 

Note that the signs in (I8.42bl) are only correct if E is even. 

The supertorsion constraints introduced in |WZ77j read as 

T bc a = 2 * 7? c , V = T bc a = V = V = 0 • ( 8 - 44 ) 

It is remarkable that these constraints, together with the requirement that E and H are even, 
determine the supervielbein and super-spin connection uniquely in terms of the reduced Lorentz 
vielbein E. In particular, demanding that E is even rules out a non-vanishing Rarita-Schwinger 
field (gravitino) in the expansion of E. The unique solution to the supertorsion constraints is 

jj = ~il 0 a M b a = , Jj = 0 , (8.45a) 

Kb =i Kb > l <*a = -Mg » k a = 0 : K a = K P a , (8.45b) 

Kp)K - (w 7 ) /3 q = e^e^ (<9 M eO - d v eg) , <\> ab = 0 , (Xa)^ = -Ric a(5 eg 6 , (8.45c) 
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where the first identity in (I8.45c|) implies that u> = e“ uj a is the connection one-form of the 
Levi-Civita connection and Ric denotes the corresponding Ricci curvature tensor, cf. [Wal84 , 
Section 3.4]. 

The Berezinian density Ber(H) has a particularly simple form for objects M = (M, 12, E ) 
in SLoc. In fact, for a general 

o2 

F = v + 'iJj a d a + r ] -e0 c (M) (8.46) 

one has 

f Ber (E) F = f vol^ U + y (j a a - l ac X c ~ K*)) = / vol^ r, , (8.47) 

JM JM v v 77 JM 

where vol^ is the canonical volume form on the reduced oriented Lorentz manifold. Conse¬ 
quently, the pairing (13.1111 reads as 

(F 1 ,F 2 ) m = /vol^ (v9ir/2 + <^2m +V’l“V ; 2a) : (8-48) 

JM 

where the expansion (18.4611 has been used. 

The natural transformation P : (3 => &•. Given any super-Cartan supermanifold M, we 
can consider the super-differential operator o S> a : —> 0{M) defined by 

®a{F) := UF) , (8.49a) 

®n b o @ a (F) := (%(F)) + (4, ^a C > ®c(F) , (8.49b) 

o 3> a (F) := e ab 3> nb o %(F ), (8.49c) 

for all F € 0(M). For any object M in SLoc, one may compute using the expansion (18.46[1 

^ o S> a {F) = - 2rj 

+ (2 h a a b e a (lpb) + F a b Ipb + h a b {uJ a )b C V’c + ( 4>a)b C i’ c) 9 a 
- (2 h a ^e a (h l3 b a es(<p)'j + ( K/ + V 3 / (up)° + (<w) h ad e a (pj y 

+ (k'.*Wi‘+(Ajly 

q2 

= -2 V + 2(iy^) a 0 a + 2nv— , (8.50) 

where is the geometric Dirac operator and □ is the geometric d’Alembert operator. Here 
we used the essential identity 

° ■■= v? ^ kw ^=0, (8.51) 

which holds because for each point x € M one can find a vielbein E such that (cn Q ) i g 7 (x) = 0 
and thus er(x) = 0. However, <7 is a scalar invariant and thus cr = 0 independent of the chosen 
vielbein. 

For any object M in SLoc and any constant m > 0, we define the super-differential operator 
Pm ■= o 9> a + mid^M) : 0{M) —> ff(M) . (8.52) 
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Solutions of Pm{F) = 0 satisfy 
—rj + rrup = 0 


iy^a T m ip a = 0 


□</? + mr] = 0 , 


(8.53) 


and thus in particular is a solution of the Dirac equation and tp is a solution of the Klein- 
Gordon equation □<£> + m 2 (p = 0. The super-differential operator Pm is formally super-self 
adjoint with respect to the pairing (18.4811 . In general, one may show for arbitrary homogeneous 
F\ £ &{M) and arbitrary F 2 £ & c (M) that (see e.g. [ BK981 Section 5.2.8.]) 

[ Bei(E)F 1 2>&o%(F 2 ) = (-l) 1+ W [ Ber(£) 2> a {F{) %(F 2 ) (8.54) 

Jm J m 

if T a ^ — T ab b = 0 and thus not all supertorsion constraints are necessary for the formal super¬ 
self adjointness of Pm- Notice that Pm is also super-Green’s hyperbolic: If we write Pm hr 
matrix form as 


fm 0 -1\ 

Pm = I 0 iy + m 0 | , 

\D 0 m) 

then the retarded/advanced super-Green’s operators G ^ for Pm can be written as 

mG nw 0 G n+rf \ 

0 Gf y+m 0 

- DoG n+rf 0 mG n+mJ 



(8.55) 


(8.56) 


where G± +m2 and G'jy +m are the retarded/advanced Green’s operators for the component 
differential operators D-l-m 2 and iy + m, respectively. Finally, the super-differential operators 
(I8.52p are the components of a natural transformation since they are constructed geometrically 
in terms of the supervielbein E and a constant m > 0. Hence, we have constructed an example 
of a super-field theory according to Definition 14.21 Applying Theorem 15.111 we further obtain 
a super-QFT, which in the present case describes the quantized free Wess-Zumino model in 
3|2-dimensions. 


Enriched super-field theory: We shall now discuss the super-field theory defined above in 
the enriched setting. We consider two objects M and M' in eSLoc op and any object pt n in 
SPt op . Before discussing the set eSLoc op (IW / , M)(pt n ) in more detail, we remark that, since 
any x £ eSLoc op (IVT / , IVT)(pt n ) preserves by definition the pt n -relative supervielbeins, and Pm 
is constructed geometrically, the super-field theory discussed in this example automatically 
satisfies the axioms of an enriched super-field theory given in Definition 16.151 

Instead of fully characterizing the set eSLoc op (Af / , lW)(pt n ), we aim for analyzing a pre¬ 
sumably large subset which contains supersymmetry transformations by considering a well- 
motivated ansatz. For a generic F' £ ff c {M r ) expanded as in (18.461) . we consider SMan/pt n - 
morphisms x '■ M/pt n —> M' / pt n of the form 

X*(l <8> F') = 1 <g> F + ( <g) Q(F) , (8.57a) 

p := X*W) + X*M 0 a + X*W) y , (8.57b) 

where £ £ A„ is odd, x '■ FI —> M' is a smooth map which preserves the reduced Lorentz 
vielbein x*(F') = E and Q is an odd superderivation. A necessary condition for such x to be 
an element of eSLoc op (AT / , AT)(pt n ) is that Q supercommutes with the dual supervielbein, i.e. 

[Q,£a]=0, [Q,e a \ = 0. (8.58) 
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We can expand Q as 


Q = A% 9 b e a + (V + C a 8 a (8.59) 

and evaluate the constraints (18.581) in the given order. After a straightforward computation we 
find that these constraints are satisfied if and only if 

B c M c a = 0 , e a (B c ) = 0 , = —i B c 7b “ , C b = 0 . (8.60) 

Thus, we find that a non-zero Q is only possible if the Levi-Civita connection u is vanishing, 
and hence also the super-spin connection 17 is vanishing on M. In this case x defined as above 
is an element of eSLoc op (AT / , Af)(pt n ) if and only if the super-spin connection hi' on M' is 
also vanishing. 

This rather restrictive condition for the existence of interesting enriched morphisms x £ 
eSLoc op (iVT / , M)(pt n ) originates from our requirement that the supervielbein E is even and 
that x must preserve the pt n -relative supervielbein. In the treatment of supergravity one 
usually deals with supervielbeins which are not purely even and considers, in the terminology 
of this paper, enriched morphisms which have to preserve the pt n -relative supervielbein and 
pt n -relative super-spin connection only up to local Lorentz transformations. This class of 
enriched morphisms contains the so-called supergravity transformations |WB92j . 

Supersymmetry transformations in the enriched super-QFT: We close the discussion 
of this example in analogy to the 111-dimensional case by illustrating the structure of supersym¬ 
metry transformations. As discussed above, these transformations appear only if we consider 
an object M = (M, fl, E) in eSLoc with Q = 0, such as for example the 3|2-dimensional super- 
Minkowski space. Given any such object, we can use the SSet-functor c2l : eSLoc —> eS*Alg con¬ 
structed in Theorem IT. lll to obtain a superalgebra of observables 21 (M) and a SSet-morphism 
c2l m,m '■ eSLo c(M,M) —> eS*Alg(2l(M"), 2l(M")), which describes the enriched automorphism 
group of 2l(AT). Proper supersymmetry transformations are described by the odd superderiva¬ 
tions 

Qb := B a d a — i B a 6 b e a , (8.61) 

with B a a constant spinor, and they are parametrized by odd elements ( £ (A n )i. As in 
the 111-dinrensional case, such supersymmetry transformations may be understood as odd 
superderivations Qb ■ 21 (M) — > 21 (M) which act on the generators &m{F) = [B] € 21 (AT), 
with F £ (AT), as 

Qb(®m(F)) = ~$m{Qb{F)) . 

We may decompose d 'm(F) into its component quantum fields by using the expansion 

F = f + Pa e a + h y . 

Explicitly, we set 

$m(F) = <j) M {f) + ipMiPa) + rj M {h) , (8.64) 

and we recover the usual supersymmetry transformations 

Qb^mU)) = V4r(/ B a ) , (8.65a) 

Qi^M^Pa)) = MB a ijpa ) + r] M {B a Pa) , (8.65b) 

Qb{pm{F)) = -ipM(iy(hB a )) . (8.65c) 


(8.62) 

(8.63) 


51 








Acknowledgements 

We would like to thank the referees for valuable comments and suggestions. We thank Chris 
Fewster for useful comments on this work. A.S. also thanks Sven Meinhardt for many general 
discussions on supergeometry. The work of T.-P.H. and A.S. is supported by a Research 
Fellowship of Deutsche Forschungsgemeinschaft (DFG) and F.H. is supported by the SFB 
647 :Raum-Zeit-Materie funded by the DFG. Furthermore, T.-P.H. and A.S. would like to thank 
Mathematisches Forschungsinstitut Oberwolfach (MFO) for the support under the program 
Research in Pairs and the great hospitality at the institute. 

A Basics of enriched category theory 

We review some elementary definitions of enriched category theory which will be used in our 
work. For detailed introductions to this subject see e.g. |Kel82] and |IBS00j . 

Let V be a monoidal category. For our purposes we can assume that the associator in V is 
trivial. We denote the monoidal bifunctor by <g) : V x V —> V and the unit object in V by I. 

Definition A.l. A V-category (or a category enriched over V) C consists of 

• a class Ob(C) of objects; 

• for all objects A,Bg Ob(C), an object C(A,B) in V called the “object of morphisms 
from d to 5”; 

• for all objects A, B,C £ Ob(C), a morphism »a,b,c '■ C(H, C) ® C(A, B ) — > C(A, C) in V 
called the “composition”; 

• for every object A £ Ob(C), a morphism 1a : I —> C(A,A) in V called the “identity on 
A”. 


This data must satisfy the associativity and unit axioms, which are expressed by commutativity 
of the diagrams 


C(C,D)®C(B,C)®C(A,B) 

•B,C,D ® idc(A,B) 

C(B,D)®C{A,B) - 


id. 


C(C,r>) <5)»A,S,C 


■>C(C,D) ® C(A,C) (A.la) 

•A,C,D 

- rC(A,D) 


I (g> C(A, B) 

1 B ® idc(A,B) 

C{B,B)®C{A,B) 


C{A,B)®I 


(A.lb) 


id r 


• A,B,B 


->C(A,B) <- 


•A,A,B 


lC (A,B) ® 1 

C(d,5)®C(d,4) 


in the category V, for all objects A, B,C,D £ Ob(C). 

Remark A. 2 . For ease of notation, we shall always drop the labels on the composition and 
identity, i.e. we simply write • : C (B,C) <S> C(A,B) -£ C (A,C) and 1 : I —> C (A, A). 

Definition A. 3. Let C and D be two V-categories. A V-functor (or enriched functor) J : C — > D 
is given by the following assignment: 

• for every object A £ Ob(C), an object $(A) £ Ob(D); 
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for all objects A, B £ Ob(C), a morphism 5 a, B '■ C(A, 5) —> D(5(A), 3(B)) in V. 


This assignment must be compatible with the composition and identity, which is expressed by 
commutativity of the diagrams 


C (B,C)®C(A,B) - 

3s ,c ® 3a, s 

D(5(5),5(C)) ®D(5(A),5(5)) 


-► C(A,C) 

3a, c 

*D (5(A), 5(C)) 


(A.2a) 


C(A, A) 



(A.2b) 


in the category V, for all objects A,B,C £ Ob(C). 

Remark A.4. Notice that V-functors can be composed: Consider three V-categories C, D, E 
and two V-functors 5 : C —>■ D and © : D -A E. We define the V-functor 0 o 5 : C —>• E by the 
following assignment: To every object A £ Ob(C) we assign (© o5)(A) := ©(5(A)) £ Ob(E). 
To all objects A, B £ Ob(C) we assign the V-morphism 

(® o 5)a,b := o 5a,s : C(A, B) —> E(©(5(A)), ©(5(5))) , (A.3) 

where o denotes the composition of morphisms in V. It is easy to check that © o 5 : C —> E is 
a V-functor. 

Definition A.5. Let C and D be two V-categories and 5i 0 : C — > D two parallel V-functors. A 
V-natural transformation (or enriched natural transformation) r) : 5 => © is given by assigning 
to every object A £ Ob(C) a morphism ija '■ I — t D(5(A), ©(A)) in V, such that the diagram 


I ® C(A,B) . D (5(5), ©(5)) ® D(5(A), 5(5)) 



C(A, 5) 0 1 — — D(0(A), ©(5)) ® D(5(A), ©(A)) 


(A.4) 


in the category V commutes, for all objects A,B£ Ob(C). 

Remark A. 6 . Notice that for V being the monoidal category Set of sets, with monoidal 
bifunctor given by the Cartesian product and unit object given by any singleton set pt := {*}, 
all definitions above reduce to the definitions in ordinary category theory. Hence, category 
theory enriched over Set is the same as ordinary category theory. 
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